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ABSTRACT
A computer program for the calculation of molecular 
orbital self-consistent field (MO-SCF) eigenvalues and eigen­
vectors of diatomic molecules using the expansion method of 
Roothaan with Slater-type basis functions is presented. A copy 
of the program on 105mm microfiche is included in this volume; 
a listing of the program together with data and program formats 
and the mode of loading on a modern computer is given in a 
separate volume.
Following a brief discussion of some aspects of Hartree- 
Fock (Hr) theory a conventional SCF program employing the Roothaan 
Bagus and Jacobi diagonalization procedures is described in Chapte 
II ; the program employs the Restricted HF open- and closed-shell 
and the spin-polarized IIF formalism. A unified treatment of the 
one- and two-electron integrals allows their efficient calculation 
and is the subject of Chapter III; numerical considerations and 
test values for the required integrals are given in Chapter IV. 
Chapter V describes the program developed for the formation of 
the two-electron 'supermatrices'„
Minimal basis set test calculations on the ground state 
3 i i
and a fl(5o 2TC ) first excited state of the CO molecule at the ex­
perimentally determined equilibrium internuclear distances and
suggestions for the improvement and extension of the program are
2+ =
given in Chapter VI. Preliminary calculations on diatomic NiO at 
an internuclear distance of 3.938 a.u. are reported; the diffi­
culties experienced in obtaining converged solutions with the 
trial vectors employed are discussed.
I often think it odd 
that it should be so dull, 
for a great deal of it 
must be invention.
Northanger Abbey,ch.xiv
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CHAPTER I Hartree-Fock Theory
Introduction
From the earliest times a recurrent theme in the natural scien­
ces has heen the attempt to reduce the divers phenomena of nature to a 
minimum of laws and to the expression of minimum principles. In classi­
cal physics the culmination of such efforts was embodied in the Principle 
of Least Action, where the early concept of a 'minimum' was replaced' by 
the more general condition that the variation of a quantity be statio­
nary.
The stationary principles occurring in quantum mechanics do not 
occupy the prominent position they hold in classical mechanics. The sta­
tionary principles involved are of an entirely different nature to the
1
Principle of Least Action . In the wave-mechanical, or Schrodinger, 
formalism the equations involved are linear differential equations which 
have the general mathematical property of being expressible as varia­
tional principles.
As in classical mechanics, only a limited class of problems in 
quantum mechanics may he solved exactly. In general, perturbations occur 
within the volume of coordinate space taking the problem out of the 
exactly solvable class. In such situations, the expression of the pro­
in obtaining
systems the 
electrons. The 
of the problem
to a variational problem is the assumption of the independent particle
5 6
(Central-Field, Molecular Orbital) approximation' * . Accordingly,
blem as a variatiornxl principle is of particular utility
2-4
approximate solutions •
In the study of the bound states of raany-electron 
volume perturbation occurring is the interaction between 
customary first step taken in the mathematical reduction
each electron is assumed to move independently of the others in a poten­
tial representing the attraction of the nucleus and the averaged repul­
sive effect of the other electrons. The overall effect of the electrons 
is to screen the nuclear Coulomb field, the effect becoming more appre­
ciable with distance from the nucleus. This electronic screening depends 
on the dynamical state of the electrons and thus, to study the whole 
spectrum of an electronic system a series of different potentials is re­
quired. The most successful technique currently available for the syste­
matic determination of the potential and approximate wave-functions of 
a many-electron system is the variational technique known as the Self-
Consistent Field (SCF) approximation developed from the original work
T 8
of Hartree and Fock •
Statement of the Problem
The time-independent Schrridinger equation for a many-electron 
system, expressed as an eigenvalue problem, may be written
where II is the many-electron Hamiltonian, E , the eigenvalue, is the 
total electronic energy, and the eigenfunction, <}> , is the many-electron 
wave-function associated with the particular system under consideration. 
Subject to the condition that the many-electron wave-f unction 0 is nor­
mal ized
where 0 is the complex conjugate of 0 and, as is usual and as used 
throughout this work, the integration is over all the volume determined 
by the independent variables, including spin, upon which 0 depends, a
H 0 = E 0 (i)
i (2)
variational principle for E is
3
In equation ( 3 ) , 6 j represents an infinitesimal variation of the
total energy, E , as a functional [e ] of <t> . Thus, if the exact <J> is
inserted into [e ] , the exact eigenvalue E will he obtained. Since the
2
exact (J> is unknown, the fundamental problem may he expressed as : to 
find, in a given domain of admissable argument functions, <i> , that ar­
gument function of the functional [e ] for which the latter is an extre­
mum with respect to all argument functions of the domain lying in a 
sufficiently small neighbourhood of the extremal argument function.
The variational principle, equation (3), is of fundamental
importance in computational quantum chemistry. For many-electron
systems the Hamiltonian, equation (l), is bounded from below and the
9-11spectrum starts with a set of negative discrete eigenvalues . The
variational principle provides a sufficient condition for the existence
12
of these bound,or quasibound , states, but necessary conditions are
13
known only for some simple systems 1 . Further, the variational prin­
ciple provides upper bounds^ to the true eigenvalues of the Hamil­
tonian; however, the determination of convenient lower bounds to the
eigenvalues is more difficult, recourse usually being taken to 'bracke-
, . , 16-18 
ting theorems
Taking the hydrogen atom as a model, the independent particle
method approximates the rnanv-electron Hamiltonian as a simple sum of
one-electron Hamiltonians. Thus, the N-particle, time-independent, non-
relativistic, spin-free Hamiltonian, H(l,2,...,N) , is taken to be of
the form N N N
H(1,2,...,N) = J Y  - J \ ( i )  + £ q (  i.j) (4)
i i i > j
19
where, if necessary, the Born-Oppenheiraer approximation is used. In 
equation (4) , K(i) is the nuclear field plus kinetic energy operator
for the i^ *1 electron and the operator Q( i , j) =Q( j , i ) is an interaction
potential function or operator acting between the electrons in pairs. 
The operators K and Q are formally independent of their suffixes and 
are linear Hermitian operators.
The Hamiltonian, equation (l), may be obtained by eliminating
20-22
terms from the Breit-Pauli Hamiltonian- “ , and its implicit
23
Boolean, or classical mechanical content has recently been dis-
24-26 25
cussed1- - . In particular, Wool ley" suggests that energy and mole-
26cular structure can be complementary, whereas Primas considers the 
concept of 'isolated' molecular systems.
The N-particle wave-function (j) is taken to be some function of 
the orbitals <ft(i) , where an orbital is defined as a normalized func­
tion of all independent variables which describes a single particle in
a system of N particles. Without loss of generality the orbitals are
taken to form an orthonorraal set
= 1, if i=j
1 1 .1 ij
< ip .  | ip. >  = 6. . I ( 5 )
 ^ = 0 otherwise
23 ,27
and it may be concluded that the orbitals span a Hilbert space
28
Following the suggestion of Slater- the wave-f unction i s
represented for an N-particle problem as a determinant, a normalized 
antisyraraetrized product
<t>0 = det Y c o ......... V N '}
6 °9
in which case the Pauli Principle is automatically fulfilled.
However, in equation ( 3 ) the total energy is a functional of (J) where 
0 is, mathematically, an arbitrary continuous function‘d. In the sense 
that 0 is to be expanded in terms of the orbitals , the set of func­
tions K )  is incomplete. Thus, from a complete set of orthonorraal
orbitals { P^,{ } , M >N , a set of all possible independent orthonormal
Slater determinants may be constructed for the N-particle problem. This
set of Slater determinants can be obtained by partitioning the complete
set into two orthonormal sets, { ^ }  , i = N  , consisting of those
orbitals occupied in the determinant in equation ( 6 ) , and the set
(ip } , a > N  , of unoccupied orbitals. Denoting by the determi-
n l j K. , .
nant obtained from <$> bv replacing ’P. , *P. ,<P, ..... by orbitals
o 1 l ’ j ’ k ’ J
P^ j^Pt. > M5 ..... the set of all independent determinants is a b c ‘
a a , b ,.c , . . . .
<i> , <t>  <t>. . .    (7)
o i’ i,J,k....
where all determinants for which
i < j < k  .... = § N < a < b < c  .... (s)
are included. If the matrix elements
, a , b , c , . . . . a,b,c?,...« ^
<C <f i  .r. I TI I *V f V  >  ( 9 )1 > J > K > * * * * 1 > J > » * ’ ’ ’
are calculated using all the determinants of equation (l) the eigen­
values of equation ( 9 ) become equal to the eigenvalues of the N-particle
Hamiltonian. Equation ( 9) is known as the configuration interaction ma- 
90 31—33
trix“ ’ and the eigenvector components are coefficients in the ex­
pansion of the eigenfunctions as linear combinations of the determi­
nants of equation (7 ).
In practical applications, truncated rather than complete 
sets of orbital functions are used. A consequence of this is the 
appearence of positive eigenvalues for some bound states of positive, 
neutral, and singly negatively charged systems^* ^ ^ ^ .
Single Determinant Ilartree-Fock Theory
The calculation of eigenvalues and eigenvectors for an electroni
system, including the calculation of configuration interaction matrix
elements, is a problem of immense magnitude for all but the simplest
systems. Often, therefore, the total wave-function is approximated by
a single Slater determinant, equation ( 7 ) , whose occupied orbitals
are determined by considerations of the physics of the system under
study. In the sense that any improvement to this wave-function can at
best be represented by a linear combination of Slater determinants, thi
36
particular Slater determinant can be considered to be as close an 
approximation as possible to a wave-function which can be thought of 
intuitively to describe N independent particles interacting through a 
common average potential.
In the single determinant Hartree-Fock method the expectation
value of the total energy, <C0. H 0 ^  is to be made stationary with’ o' 1 o
respect to any variation of the occupied orbitals which preserves the
normalization of 0^ and the occupied orbitals . Earlier derivations
36 3 7
of the SCF equations ’ included the condition of orthonormality of 
the orbitals ^  as a constraint in the variational method. However, as 
shown by Kobe^^ , if the set {*P } is an orthonormal set a variational 
method may be devised in which the normality of the occupied orbitals 
implies their orthogonality. This only applies when the are expanded 
in the same finite set of basis functions
*pi = S Cik Xk ’ (10)
k
where the c are constants to be determined and the 0( are functions, 
ik K
for example, Slater—type or Gaussian, resulting in a linear varia­
tion problem^ . The restriction, equation (10), is commonly employed
since it reduces a large class of problems to manageable proportions.
The familiar result of the work of Roothaan37 and others36*39 ii
that the orbitals ip satisfy Hartree-Fock equations of the form
N
i> = 2  eij|'Pj> . (11)F.1 l '
FA is an Hermitian effective one-electron operator and, under any 
unitary transformation of the occupied orbitals, 0^ is invariant 
except for a unit phase factor or sign change for real orbitals and 
F^ is invariant. However, the matrix ] is affected by orbital
transformations; a particular occupied basis may be selected by choos­
ing the matrix to have a special form, often the canonical form so 
that the Hartree-Fock equations may be put in the form
Fillpi > eiil")i >  • (12)
From equations (l2) if F is invariant under some group of symme­
try operations the orbital solutions may be classified as basis ele-
40 41
ments of irreducible representations of this group * . Moreover,
the occupied orbitals span a unitary representation of the symmetry
37
group of F^ . In the Roothaan formalism it is assumed that the symme­
try groups of the many-particle and the one-electron Hamiltonian are 
identical; in this sense the orbitals tp.. are doubly-occupied symmetry 
orbitals of the full sygunetry group of the electronic system considered. 
Equations (l2) are then applicable to those systems where closed shells 
occur, that is, where all or none of the orbitals of an irreducible 
representation of the many-electron Hamiltonian symmetry group are 
occupied.
a ii Vv • j i j • i > M , 32,3 0,42,43... ,As has been widelv discussed bv Nesbet » > » it is not
necessary to assume that the symmetry group of the one-electron Hamil­
tonian is the same as that of the many-electron Hamiltonian. The occu­
pied orbitals then fill closed shells with respect to the invariance 
group of the one-electron Hamiltonian which is, in general, a subgroup 
of the symmetry group of the many-electron Hamiltonian. Equations (12) 
are then known as the unrestricted SCF equations and are solved for the 
N spin-orbitals which possess1 no definite spin or spacial sym­
metry.
Conventional Hartree-Fock Theory
44
If the implications of Occam's Razor are ignored, the one-elec­
tron Hamiltonian may be assumed to possess the same transformation pro­
perties under a group of operations as the many-electron Hamiltonian
45for open-shell systems. It has been shown by Roothaan that such an 
assumption is always self-consistent and corresponds to a specific ex­
tremum of the total energy. Since all constants of motion which commute
with the manv-electron Hamiltonian may be considered to constitute a
46 .group ,an additional starting equation to the variational principle is
A4> = , (13)
where A is a normal constant of motion satisfying
H A  = All , AA+ = A+ A (14)
97 30
where + indicates adjoint"* ’ . Thus, if A is a fundamental symmetric
function of the one-electron operators A. , the orbitals entering 01
which correspond to the energy extremum are automatically eigenfunctions 
to A^ or can be so chosen. Since, however, it is not known that equa­
tion ( 3  ^ implies these symmetry properties^®, they must be considered
as constraints which necessarily raise the extremum determined by the
2
variation principle- .
The assumption of specific symmetry properties allows the configuration 
interaction matrix, equation ( 9 ) , to be simplified by transforming to 
a basis of linear combinations of determinants which transform under 
the symmetry operations as basis elements for standard irreducible re­
presentations of the group. Such a normalized linear combination of de­
terminants, possessing the symmetry properties of the many-electron Ha­
miltonian, constitutes the trial wave-function
* = Z CA  (1 5 )
V
45
in the Roothaan procedure, where c are fixed coefficients and the
1 ’ V
(J) are determinants, equation ( 7 ) .
V
Writing
E = <$|H|<I>> (16)
where H is given in equation (4 ) , it is required that the total energy
E be stationary under all variations of the orbitals *P. consistent with
1
the orthonorraality conditions
- Bij ■ (17)
These constraints are incorporated into the equation, (l6) , to which
the variational principle is to be applied by introducing the Lagran-
39
gian multipliers, -e. . and requiring that 1 ij
I = E - y  e . . <ip. I ip.>
J L A  l.i 1 1 lJ-'i'-J (18)
i, J
be stationary, that is
6 1 = 0  . (19 )
The Lagrangian multipliers, e^ . , in equation (18) are to be determined 
such that equation (19)  is satisfied. For an arbitrary variation of 
the orbitals, 6<P } equation (18) may be written^**
61 = F. |4>.> + < ^ P . | F . | 6 v p . > f
r 11 i i i 1 i i ; (po)
i
- ^  e. . | V. >  + <M)i | = 0
i , .1
where is an effective one-electron operator for orbital *R . Re­
arranging equation (20)
S a { < &piiFi,pi - + < 5!fiiFiiPi - S eji$j> } = 0 (2i)
1 .1 
it may be concluded that
and
F i K >  = 2 e i j l ' PJ >  (22 )
,i
<iPJ Fi  = S ej± <iPj l  • (2 3 )
J
Multiplying equation ( 22 ) from the left by <CiP.| and equation (23)
from the right by |<R gives
J
<(p.|F.k. >  = e. .
J1 i1 i i.l
<tp. If . | q>. >  = e ..
l' 1* .] .]i
(24)
(25)
and hence
e i.i = e ,i i  ( 2«)
which establishes the Hermiticity of the Lagrangian multipliers; by
interchanging the subscripts in equations ( 24 ) and ( 25 ) , the Hermi-
39
ticity requirement of the Lagrangian multipliers in the variational 
method raav be written
e. . = < 9 .  |F .  lip. >  = < i p . | F . | i p .  >  = . (27 )
1J J1 i1 i .1' .]' i .]i
Substituting equations ( 24 ) and ( 27 ) in equations ( 2 2 )  and ( 2 3 )  
respectively, the necessary conditions which the Hartree-Fock orbitals 
must satisfy are obtained as
F i K >  |vp. > < < P . |  F . | v p . >  (28 )
and
Fi K >  = E h > < 'Pi l F i K >  ’ (29 )
j
which are equivalent to
< 9 . I f . -  f . | R .  >  = o . ( 3 0 )
j • i .i1 i
In closed-shell Hartree-Fock theory equations (28 - 30) are auto­
matically satisfied since the effective one-electron operators F^ and
F. are independent of the subscript, they are identical. For open-shell 
J
systems, however, this is in general not so and both equations ( 28)
47 48
and ( 29 ) must be satisfied simultaneously * . As shown by Hirao and
49 / \Nakatsuji equations ( 28 - 30 ) are equivalent to the generalized
50
Brillouin theorem derived by Levy and Berthier . Thus, subject to the 
conditions, equations (28) and (29), and the Hermiticity of the La- 
grangian multipliers, the SCF equations are
Filtpi>  ’ S ei.)llpj >  • («>
j
Much confusion and discussion has arisen in the literature^ 
concerning the significance of the variational conditions,equations 
(28-30). The difficulties arise, apparently, from the role of the 
Hermiticity of the effective Hamiltonian matrix.
As is well known, the Hermiticity of the Hamiltonian implies
the Law of Conservation of Energy; this is demonstrated by writing the
30time-dependent Schrodinger equation as'
it! ^  |<t>> = II|<J> >  (32)
where II is the many-electron Hamiltonian. Then
<<O|e |0 >  = C-J^ <D|c|<t> >  + < $  I E|<t) >  + <  <fr|E | A  4>>
= - it! { < o |e h - H+E|<t»>} + e |o >  (33)
and for the total energy to be a constant of motion, TI must be Herraitian. 
Clearly, at self-consistency the one-electron operator must also be 
Hermitian and this symmetry should be preserved throughout the varia­
tional procedure; if it is not, the effectiveness of an SCF procedure 
is questionable^.
K 1
It is thus clear that, contrary to the assertion of Hirao , the 
Hermiticity of the effective one-electron Hamiltonian in a variational
calculation is not merely a matter of mathematical convenience, but is
4 8
of fundamental importance . Further, it is incorrect to say, as do
49
Hirao and Nakatsuji , that the Hermitian property of the Lagrangian 
multipliers originates from the nature of the Lagrangian multiplier 
method; it does not. The method of Lagrangian multipliers is a mathe­
matical device which preserves symmetry; it does not introduce into a 
set of equations describing a physical system any symmetry which is 
not already present.
Since the SCF orbitals must satify equations ( 28 ) and (29) 
simultaneously, it is convenient to couple these equations. This may 
be done by introducing^ ’ the operators
fiji ■ V  Fj + (34)
where the X •s are arbitrary real numbers49’51»53»54’60, A number 
of a u t h o r s ^ ^  have then concluded that, using equation (34), 
equation (31) may be written
j
If in equation (35) equation (28) results; this equation is
the starting point in the formalism of Dirss and F r a g a ^ * ^  and does
not in general contain the additional condition equation (29) or the
47 59
Hermiticity of the Lagrangian multipliers. The result * is a varia­
tional method which yields a variety of solutions for some calculations 
for which it was designed to be applicable. On the other hand,
if X. .=1 , the necessary variational condition derived by Goddard et 
1J
57 59 49al.* * is obtained . The method of Goddard et al. is similar to
one proposed by Iluzinaga^’^  ; both techniques take into account
equation (30) only for • The Goddard method also produces
47
variational results dependent on the initial trial vectors . Simi-
55larly, the related method proposed by Peters fails to satisfy all 
the necessary conditions for the energy to be stationary.
47As demonstrated by Albat and Gruen at least five different
SCF orbital energies may be obtained for the helium 1S(ls)(2s) state
with the use of different starting vectors in the Birss and Fraga for- 
03 04
tna1ism * „ They obtained similar behaviour employing the method of 
57
Goddard et al. in calculations on the lithium ground state. Non-
73,74 75,76
Hermitian methods have been suggested , and used , but not
as variational equations.
48 51 08
Equation (35) may alternatively be obtained ’ * using the
orbital selection procedure introduced by Adams^ and Gilbert^,
0T
which is somewhat more general than the technique devised by Davidson
47 49 / \
Albat and Gruen and Hirao and Nakatsuji assert that equation (35)
is the correct variational equation; a more satisfactory form has been
53
obtained by Huzinaga who introduced the Hermitian 'coupling operator'
(36)
.1
such that equation ( 31 ) may be written
h  - + (Giilip.i> < ‘pjl}] K >  - 0 • (37)
j
The equations to be satisfied by the SCF orbitals then assume 
the form ^
|<Pj> = 0  (38)F. - It.
1 1
with li^ as defined in equation ( 36 I, the subscript indicating the orbi­
tal on which it is to operate; there is one equation per orbital. The
full symmetry of the conventional, or restricted, Hartree-Fock problem 
has, therefore, not been used since only one equation per open or 
closed shell is required.
45 53
Following Roothaan and Huzinaga , the occupied orbitals
may be divided into sets associated with open or closed shells. Thus,
if a doubly occupied orbital belongs to a closed shell its one-electron
operator is denoted by
FC = F (39)
and a doubly or singly occupied orbital associated with an open shell 
has the operator
fF° = F. (40)
where f (equal to 1 or 2) is the occupation of the orbital.
Denoting closed shells by the subscripts k and Z , and open shells by 
in and n , two types of equation may be obtained from equation ( 31 )
N cpCK >  - I X ' W  I V  S  (N cek n > k >  (41)
I 11
N F°|^P >  = V ( N  e .) | cp > +  V  (N e ) I vp >■ (42)
0 I m Z-l o ml 1 I Z a  o mn;| n ’
i n
where N and N have been written for the closed and open shell occupa- 
c o 1
tion numbers, respectively. From equation (36) two 'coupling opera­
tors' may be defined
N CR C - - N c E ( l iPn > < 'P„lGC) + (R°l ^ n X ^ n  1} “ 2  (Ncek J  <4 3 > 
n n
N . E ( k > < l p J G0) + (G° I V <ipel) “ Z (V » i >  (44)
N R = 
o o
z
where
G° “  \> c NoF° + b - X o c )NcFc (4 5 )
° °  = W '  + D - ^ „ ) N oP° (4 6 )
and equations ( 41 ) and ( 42 ) may be written
( N /  + N R c |*k >  = 2 (Ncek £ ) | ^ >  <47>
I
k F° + NV t„ l lf>ra>  = E (V m„ ' l ' P n >  (4 8 )
respectively.
It will be noticed that the Hermitian form of the 'coupling
operator' maintains the orthogonality of the open- and closed shell
00
orbitals. Such orthogonality imposes also a condition on the A's
in equations(43) and (44). Thus,
N R  = N 11 (49)
c c 0 0
which, from equations (45) and (46) means that
\ + \ = 1  (50)o c c 0
is a necessary and sufficient condition for satisfying the orthogo­
nality requirement. With this condition and
Nc ^ No (51)
equations (45-48) may be solved to obtain
N -N
X = — 2—  , X = S- (52)
co N -N oc N -N x
o c 0 c
and hence
-N N N N
G° = fiC - F° + r z r  pC • (53>
0 0  o c
Following Roothaan4 FC and F° may be defined
F° = II + P
F° = II + P - Q (55)
which, when substituted in equation ( 53) and the result substituted 
in equations ( 41 ) and ( 42 ) nives the Roothaan coupling operators as
(54)
(56)
(57)
As is well known equations (47) and (48) may be brought to diagonal
• 45form by a unitary transformation
The restriction to one open-shell per symmetry species in
45 69
Roothaan's formulation ’ ' is a consequence of the energy expression
pA pro
used * . The technique may, however, be used when the variational
51,53,62
principle is applied to more general energy expressions ’ * .
. . j 54,58,60,70 .
Recently, the parameter A has undergone some study ; with
71
A set equal to l/2 the 'orthonormality constrained variation' method 
results. Although the orbital form of the SCF equations has been
used, equivalent equations may also be obtained using density matri—
20,72 
ces o
Modified-Hartree-Fock Theory
The Roothaan 'coupling operators' are special cases of the 
Adams6'5*6® procedure for selecting orbital bases on the occupied 
Hartree-Fock manifold. The variational principle itself provides no 
information about the orbital bases on either the occupied or virtual 
manifolds, but merely determines, for an n-particle system, an n-di- 
mensional linear manifold. This arbitrariness is usually removed by 
selecting that orbital basis on both the occupied and virtual mani­
folds for which the Lagrangian multiplier matrix is diagonal. Such a
choice is not, however, entirely satisfactory since, as found by 
77 78
Kelly * , the spectrum of the one-electron Hartree-Fock Hamiltonian
79
is very dissimilar to that of the true many-electron Hamiltonian
Most of the virtual orbitals in the Roothaan Hartree-Fock operator
77 78
lie in the continuum * and are too diffuse for convenient use in 
configuration-interaetion Cl calculations.
80 81
It has been known for some time * that in the usual formu­
lation of Hartree-Fock equations an electron in a virtual orbital of
an n electron system interacts with n electrons; that is, the virtual
/ 82-84
orbitals are those appropriate to an (n+l) electron system . In
order to obtain physically more reasonable virtual orbitals the so-
called 'Modified Hartree-Fock' method has evolved from the work of
a number of authors^** ^  The procedure is the same as the Adams
procedure but is used to select orbital bases on the virtual manifold.
Thus, defining the projection operator 0 from the occupied orbitals
by occ
0 =  2  l ‘pi > < ‘pi l  ( 5 8 >
i
and denoting virtual orbitals by the subscripts a,b,..„ the identity
( l - o ) w ( i - o )  |*Pa >  -  l'Pb > < \ l " , l ‘Pa >  = 0 (5 9 )
1)
68is added to the Hartree-Fock equations which may then be written 
symbolically in the general case
{ f  + OW'O + ( l - o ) w ( i - o ) ]  | i p >  = e | ^ >  . ( 6 0 )
Both the operators, V*' and W  are arbitrary Hermitian one-electron
operators and ip without subscript represents either an occupied or
virtual orbital. The term OW'D is the 'Adams term' and
£ = e + <ip >  (81)
a I) a 1 1 b
where e ^ is a Lagrangian multiplier. As usual, the matrix of £ is
then required to be diagonal.
A number of choices for the operator W have been discussed 
84by Huzinaga et al. ; further applications have been reported by
89 90
Morokuraa and Iwata and by Narita et al.' . The general tech-
66
nique is also employed in work on localized orbital theories .
The Spin-Polarized Hartree-Fock Method
Intermediate between the conventional and unrestricted Hartree-
91Fock methods is the spin-polarized technique in which the restriction
that electrons of different spin occupy the same spatial orbital is re-
92 93
laxed . This leads to a small lowering of the total energy extremum
compared with that obtained using the Restricted Hartree-Fock method due 
to the relaxation of the orthogonality constraint between orbitals occu­
pied by electrons of different spin. In calculations on the lithium
94
ground state' an improvement in the total energy occurs in the sixth
5 95
significant figure whereas for the D state of Fe the improvement is
ten times smaller; in general, the betterment of the total energy is
less than that which can be obtained by the inclusion of configuration
. + 96interaction
Physically, in an electronic system with unbalanced spins elec-
97 98trons with different spins are influenced by different exchange * 
potentials since exchange interactions occur only between electrons with 
parallel spin; this leads to different Hartree-Fock equations for orbi­
tals occupied by different spins. The averaging performed in the Restric­
ted Hartree-Fock theory eliminates these differences and the total wave-
2
function is an eigenfunction of S“  , whereas in the spin-polarized for- 
99 100
raalism it is not ’ „ Allowing these differences to appear has several
important effects. The electronic system distorts slightly from the sym­
metry of the raany-electron Hamiltonian and the conventional shell-struc-
98
ture formalism must he to a certain extent abandoned . It has also been
suggested^ that such a reduction in symmetry may occur in closed-shell
102-104
systems, particularly with atomic negative ions 0 Further, spin-pola­
rized, and unrestricted Hartree-Fock calculations are of interest in the 
study of hyperfine structure ef f e c t s . A conventional nartree-
Fock calculation always predicts equal densities of both electron spins
107at the nucleus whereas it is found experimentally that such an ion 
2+
as Mn has a relatively large negative spin density at the nucleus. In
favourable circumstances, when contributions from different shells do
108
not cancel to any great extent or when the (equivalence) restriction
that wave-functions for electrons in the same shell with different mag-
94
netic quantum numbers, m^ , be the same does not apply , spin-pola­
rized calculations give quite good agreement with experiment. For large
95 109
atoms and ions, however, good agreement with experiment is not
always obtained.
2
Although not an exact eigenfunction of S the deviations have
94 95
been found ’' to be small for calculated total wave-functions. An
2
exact eigenfunction of S“ may, however be obtained from the spin-pola­
rized wave-f unction by projection*-^  In doing so, Sachs'^ found
that the agreement of the calculated value of the Fermi contact term 
with experiment was significantly worse than the unprojected value.
First a t t e m p t s t o  improve the original value, by optimizing the 
orbitals in the projected determinant also produced values for the con­
tact term more in error than that originally obtained. Values only 2$ 
smaller than the experimental value have since been obtained*^^ by
optimizing the coefficients in a linear combination of spin functions 
as well as the orbitals.
CHAPTER II The Self-Consistent Field Program
The purpose of 'ab initio' calculations is the determination 
of accurate energy levels and wave-functions of bound states of elec­
tronic systems using the independent particle model. Of the various
criteria proposed for judging the 'goodness' of energy levels and 
119
wave-functions , the most commonly employed is that of the 'best 
energy'. The adoption of this criterion leads to the Hartree-Fock 
approximation in which stationary values of the quantum system are 
determined using the variational principle.
The majority of SCF calculations performed to date have em-
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ployed the expansion method introduced by Roothaan^ " to determine
the optimized Hartree-Fock orbitals and energy levels. This is the 
technique used here. A desirable feature of this method is that it 
is computationally less time-consuming than the determination of 
Hartree-Fock orbitals by numerical integration of the differential 
equations. Further, the form of the orbitals is much more convenient 
for the extension of existing calculations.
The SCF program is an extended 'own version' of the program
69described by Roothaan and Bagus . The program is one-dimensional 
in the sense that only the form of the radial component of the elec­
tronic wave-function is determined by the variational principle. 
Further restrictions implicit in the program are:
a) only one open shell of a given symmetry or electron spin species 
is allowed, and
b) the radial dependence of all orbitals, or of all orbitals with 
the same spin, in a given shell is assumed the same, that is, 
Restricted or Spin-l’olar i zod Hartree-Fock theory is used.
In the expansion method, each orbital of an orthonormal set 
is approximated by a linear combination of symmetry-adapted functions 
that transforms according to an irreducible representation of the 
symmetry group of the system
^iXa = 2 V a CpiX (62)
P
where Ot, or P, refers to the subspecies, that is, labels the indivi­
dual members of the degenerate set that transforms according to the 
irreducible representation X, or |i . The subscript i labels orbitals 
that can no longer be distinguished by symmetry. In atomic theory the 
set of subscripts iXa corresponds to the spherical quantum numbers 
n, £, and m^ . All orbitals having the same iX are said to consti­
tute a shell; if all orbitals of a shell are formally doubly occu­
pied the shell is termed closed and the orbital subscripts k,£. are 
used. Orbitals associated with a partially occupied shell are repre­
sented by subscripts ra,n and the shell is termed open; the subscripts
i,j are used to refer to orbitals of either open or closed shells.
45The notation is due to Roothaan
19
Assuming the Born-Oppenheimer approximation * , the non-relati- 
vistic spin-free Hamiltonian may he written
v c °V V<p VP b<c
(63)
121in atomic units , where p,V index the electrons and b and c the 
nuclei; are the charges of the nuclei and the internuclear
separation.Substitution of the Hamiltonian,equation (63),. into the 
expression for the total energy, E of the state described by <Z>
E = <  f | H | ® >  (64)
where d> is, in general, a linear combination of antisymmetrized pro­
ducts (Slater determinants) of all occupied orbitals gives the total
-27-
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energy as a sura consisting of two parts T The first part is the sura 
over all spin orbitals of the one-electron integrals
2 ,Z
H i * a  ■  < W V > I ' I  I W v »  • < f i 5 >
cv
1 . “s •™S "% .10s ,
2^J i X a .  i u S _ K i X a  i , , n )
The second part is the sum over all pairs of spin-orbitals of the 
quantities
i n— f.T _
^a, .l'M-P i^Xcx, J
where the Coulomb, or direct, interaction integral, J..
* i X a , j | i p  ’
using asterisks to denote complex conjugate, is defined as
J i \ 0U n P = - ^ ' tp?Xoc(  1} Xcc 1^ > <r  12^ 1 ^ p ( 2 > d v i dV2 : ( 6 7 >
the integrations are over all space and involve summations over spins.
The two-electron repulsion operator, (r^9) * , acts between the first
and second electron. The exchange integral, K.. . 0 , is given by
1MX, J (JL p
K i X < x , j n p =  ^ X a ( l > % p ( l ) ( r 1 2 )  tpiX c x < 2 )  ‘C i p ( 2 )  d V L dV2 • ( 6 8 )
In order to reach a computable expression for the total energy, these 
sums must be performed over all spin orbitals occurring in a deter­
minant and over all determinants occurring in d>. For the one-electron
integrals, equation (65), all II.. of given iX are equal.
i A.CX
To perform the summations over the two-electron integrals it 
is convenient to consider an electronic system consisting of a number 
of closed shells and an open shell of q alpha and q beta spin elec-
* V
97 123trons' * .Within a closed shell of symmetry species [l there are d^
alpha and d.. beta electrons where d.. is the dimension of irreducible |-l |-l
H M
representation, |JL ; J.> . and K.-v . represent Coulomb and exchange
1 J|f 1A> JM-
interactions between spin orbitals, the spin dependence being denoted 
bv the arrows.
Following Roothaan*^, the integrals, equations (67) and (68)
124
are averaged oyer symmetry subspecies such that
= (dxV 2 JiXa.JHp (69) 
a,P
K-> • = (d-. d,,) T V .  . „ (70)i X . J H  y \ W  Z j  i X a , j t x p
a , p
and, correspondingly
5iX ■ (dX^2HiXa • (71>
Thus, sunmting over shells the two-electron contribution to the total 
energy is given by
S I U  -11 _ 44 _ 11 _ t,u )
—d d /s J . . + J. + J. . + J. — K. — K. §
2 M- M-i i n , i n  i n » xn
n
T p  ( -U  _ 1 1  _ 1 1  1 r _  J i '  _  14 _  w  v
+ /  . • .+ J.-* •. - K.. + d.d J.. . - J.. . - [ (72)\ x nl jn j|i iX,jnJ x nl jm-J j
iX,jn
iVjjJL
1 f n  ^  1 l r "  H ' l
+ 2qi q< lJiX,iX" KiX,i?f SVifiX.iX* JiX,iXj+ 2qi. qi [JiX,iX~ KiX,iXj
where, in the second line, d^ is replaced by and q^ in front of 
the first and second square brackets respectively when iX is the open 
shell, Since the integrals, equations (67) and (68) are, in general, 
integrals over radial functions and hence independent of spin, it is 
convenient to define 1 supermatrices1 (the customary quotation marks 
will be omitted) of two electron integrals over basis functions and 
to associate the spin dependence with defined density matrices. Sub­
stituting equation (62) in equations (67) and (68) and using equations 
(69) and (70) elements of the Coulomb and exchange supermatrices are 
given by
X x , , . ^ ,  - W ' Z J K  x . M ’1, x.<‘» ' . A
S p  (73)
a,p (74)
respectively. Correspondingly, the elements of the hare nuclear
field Hamiltonian, H , are
v « >  • (75)
ot
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The nomenclature supermatrix was introduced hv Roothaan to indi­
cate a matrix in which each element is labelled by four indices, 
p,q,r, and s in equations (73) and (74). As defined in equation (74), 
the 7C supermatrix is symmetrical only for the simultaneous inter­
change p<->q , and r<->s , and Xpq<->prs . If, however, the 'JC super-
29
matrix is defined by
■ ( " i V  ’Z i l l K l J 1' ’ ’ r n / 21 r H  * W 3 , " * . X a l 2 )  " l " !
* *  (x.)
-1
W °  W 2 ) r 12 W ° W 2 ) dVi rtV2
then the same symmetry relationships hold as for the ^ supermatrix.
This redefinition is possible since the density matrices are symmetri­
cal for the exchange p q , equation (79). The elements of the matri­
ces and supermatrices are ordered according to the conventional scheme, 
that is X=[i, p =q and r = s  . This scheme is illustrated in diagram I 
for a supermatrix consisting of o(s)- , 7l(p)- type orbitals, each orbi­
tal type represented by three functions. The ordering of elements in 
the matrices follows the order of the reference column, labelled |irs, 
in diagram I .
Diagram I
|lrs
Apq
Oil X
021 X X
022 X X X
031 X X X X
032 X X X X X
033 X X X X X X
111 X X X X X X X
121 X X X X X X X X
122 X X X X X X X X X
131 X X X X X X X X X X
132 X X X X X X X X X X  X  j
133 X X X X X X X X X x x x l
"th.'
The pr element of the density matrix Ih of the coefficients
defined in equation (62) is
f D .  J  = N c ... c . , ( 2 - 6  )  ( 7 7
L iXi lA piA riA p , r
pr
where 6 is the Kronecker delta 
P>r
l,p=r
p ’r
M
6 = \ (78)
>r I n ■
and is the number of electrons of given spin occupying the shell
iA ; in equation (77) the density matrix for electrons of particular 
spin type is defined using the same arrows throughout, that is, all 
up or all down. In matrix notation equation (77) is written
u  n  u  w + , x
D . ,  = N . ,  c .,  c., (79)
— iA iA — iA — iA
where is a column vector of the coefficients c and c ^  is its
— iA pi A — iA
transpose; an additional, total, density matrix , may he defined by
-T = 2 (" i V  - A '  (80)
iA
where the summation is over all shells of symmetry species A and for
different symmetry species, D^ , is the direct matrix sum of the contri­
butions on the right hand side of equation (80). Thus, in matrix nota­
tion, equation (72) may be written,
| | | D+I'XJ)'' (81)
wi th
'bl' '1»l/
£  = Z r  A  <82)
iX
which is in a convenient form for computations and the expression 
for the total energy, in the spin-polarized formalism, is
E = S DT + - •§d'1Xd'' - ■|dJX  Vi . (83)
In the Restricted Hartree-Fock f o r m a l i s m ^ e q u a t i o n  (72) may 
be written in a more compact form since it is assumed that the orbitals 
are independent of spin. A new matrix is defined with elements
^pq.jfirs ~ 2 ^Xpq,jprs
and equation (72) may be written
<P Dt (85)
where the matrix is now defined as the direct sum
£ t = S 2 c\ + £ 0x) (86)
with D . being defined by equation (82) omitting the arrows and summed 
c A
over all closed shell orbitals of symmetry species A • is defined
similarly for open shell orbitals; the summation may be omitted, how­
ever, since the formalism is restricted to the consideration of systems 
with only one open shell of a given symmetry species. Further, the 
definition of is changed to be the occupation number of the shell
iA . However, in the Restricted Hartree-Fock formalism the correct 
open-shell interelectronic interaction is not in general given by equa-
69
tion (85). A new matrix is therefore defined by Roothaan and Bagus 
such that
(87)
where G(ra,n) represents the interaction between open shell orbitals.
For atoms expressions for G(rn,n) have been tabulated by many authors
in terms of the Slater-Condon parameters or the Racah parameters A,
125 n
B, and C . Often, the matrix elements of ^ a r e  of the form
^iXpq.j^rs ■ iXpq, jp.rs “ V  ^ Xpq, j^ rs (88>
where the constants, .k  and k. are defined such that the correct
’ A[i A|i
interaction contribution is given by equation (87). Tables of j and
69 126-128
k constants have been given by a number of authors ’ . In the
Restricted Hartree-Fock formalism the total energy expression is there-
fore69
E - IL £ t + I dt e  d t - i j/ . (89)
The SCF equations are obtained by applying the variational 
principle to equations (83) or (89) . The equations may be written in
the form of pseudo-eigenvalue equations, which in the conventional Har­
tree-Fock formalism, are normally chosen to be different for closed and 
open shell vectors. Although a number of attempts have been made to
formulate the SCF problem such that both closed and open shell vectors
45 49 53 64 1°9
satisfy the same equations * * ’ ’  ^ > some such methods have
been reported to give an energy not invariant to a unitary transfor-
130—132
mation of the orbitals “. The closed and open shell Restricted
Hamiltonians are written, in matrix notation, as
respectively, whereas the spin-polarized SCF Hamiltonians are
F1 = H + ^ Dt - X D 1 (92)
FV = H + J DT - . (93)
In equations (90) and (91) R^ and are, respectively, the matrices 
of the open and closed shell ’coupling operators' which maintain 
orthogonality between the open and closed shell vectors, and
P  =  #  D t  ( 9 4 )
s = a.»0 • (95)
The SCF solution consists of vectors, c ^  , which satisfy 
equations of the form
F c = e S c , (96)
with one equation (96) for each spin-type or one for closed shells 
and one for open shells' . S is the overlap matrix with elements
s , x „ - < v 2 < , x , « | x x „ >  < " >
a
and £ is a column matrix of eigenvalues. Equations of the form of 
(96) are called 1 pseudo-eigenvalue1 equations as the F operators are 
constructed from solutions to the equations. It is therefore neces­
sary to assume a set of starting vectors and iterate to a self-consis­
tent solution. This is taken to lie when a set of input vectors to the
iterative procedure produce, within a preset limit, the same vectors
as output. The equations (96) are then known as the Hartree-Fock 
equations.
45
As originally proposed ', Roothaan's theory was applicable
only to a limited number of electron configurations. The extension
of the range of applicability to allow one open shell per symmetry
133 134
species follows from observations by Huzinaga f . The essential 
feature of this extension is that the variation principle is applied
to all orbitals of a particular symmetry species, each symmetry species 
in turn, orbitals belonging to different symmetry species than that 
being varied, being held constant. This is permissable since the 
orthogonality conditions between orbitals of different symmetry spe­
cies are automatically fulfilled and do not therefore need to be in­
cluded as constraints in the variational process. The same procedure 
is followed in spin-polarized calculations first for all vectors of 
one spin-type, then for those of the other. Each vector of one spin- 
type is orthogonal to all others of the same spin, but, in general, 
the orthogonality of these vectors to those of different spin arises 
from spin rather than spatial orthogonalitye
Iterative Determination of Eigenvalues and Eigenvectors
A number of techniques, for example the Jacobi, Givens, and
Householder methods, are known for the determination of eigenvalues
135
and eigenvectors of matrices ; however, these methods are concerned 
with the special case where the overlap matrix in the pseudo-eigen­
value equations (96) is the unit matrix. Although a basis set with a 
positive definite symmetrical overlap matrix may be subjected to
Schmidt or Lowdin orthogonalization ' , such a procedure may be trouble-
137,138 69
some . The iterative Method proposed by Roothaan and Bagus avoids
the orthogonalization difficulties by solving equation (96) directly.
As is probably well known, the method is an application of the pertur-
30 139
bation theory of Dalgarno and Lewis ’ . Assuming the trial vector
|0^ > to be an eigenfunction of the operator H
H |0> = E |()> 
o o (9 8 )
and in equation (96) defining
F  =  if +  II ’ (99 )o
where II' is the perturbation due to |0^> not being an eigenfunction 
of F, then from equation (96), assuming a normalized trial vector,
<  0 IFI (J >  = eo = <o|no |(» + <o|lt'|o> = Eo+ E,
with (10°)
< o | r i J o >  = uo , <o|h'|<>> = e x .
Writing |l> for the first order correction to |0^ > with
<0 |0 >  = 1
and (101)
< 0 | l >  = 0
then30
(no-Eo) 11 >  = -ii,|o >  + < o |h ,|o > | o >  . (102)
Vdding (II' 11!> - <C0 jII * J0 !> 11 >  ) to both sides of the last equation, 
equation (l02) may be written
(F-e )|l> = (-lt' + <o|ir,|u>)|o>+ (H'-<o|H' |o >  ) 11 >  . (103)
Substituting equation (99) into the first term on the right hand
side of equation (l03) and using equations (98) and (lOO) , equation 
(103) becomes
(F-e )|l> =-(F-eQ)|0>+ (H • - < 0  |ll' 10 >  ) 11 >  . (104)
Multiplying equation (l04) from the left by <o| gives
<o|F-e |i> = <o|(ii'-<o|H' |o>)11> (105)
which using equations (lOO) and (lOl) gives the second order correc-
<0 | F-e 11 >  = E9 (106)
. . 3011 on
or
(F-eo)|l> = Eo |0> = (lI'-<o|ir' | 0 > ) 11> # (107)
Thus, using equations (l06) and (l07) in equation (l04)
(F-ft0) 11 >  = -(F-fiQ) |o> + <o|F-eQ |l> |0> (108)
is the equation which is solved iteratively for |l> in the Iloothaan- 
Bagus method0
The method is efficient; close to the energy minimum no other
119
method is known which converges as quickly 0 Tt has, however, disad­
vantages of varying severity. Good quality (small perturbation) trial
vectors are required and, more significantly, convergence to an energy
140 141
minimum is not always assured ’ „ Failure situations have also been
reported by Carbo*^ and Tsi 1 imigras*^.
On occasion^^ ’ the procedure oscillates between two energy
values and does not converge. To overcome this difficulty Roothaan and
fi9
Oagus suggested two methods . The technique used in this version of 
the program extrapolates, from three sets of vectors connected by two 
iterations, a tentative SCF solution using the equation
p
c '= (c. c. - c“ )/(c. 0 - 2c. + c. ) (109)
p !+2,p ip l+l,p-' i+2,p i+ljP ip
In equation (l09) p is a particular element in the vector £  , and i is
the SCF cycle number. Each SCF cycle consists of forming two improved
vectors, c. . and c. „ from the trial vector c. . The vector c. used 
’ — l + l — i+2 — i — l
as input produces the first improved trial vector, ; iLj+i aa
input gives £^ + 0 as an iraProve  ^ vector. Each term in the three vectors 
is then extrapolated using equation(109) producing a new starting 
trial vector for the next SCF cvcle0
In cases where convergence is very difficult to obtain, the
144
so-called under-relaxation technique may be used in place of equa­
tion (109), In this situation the new input vector is obtained using
c = ac. + (i-a)c.+1 (11.0)
where £.. is the input vector that produces £^+| as output and a is a 
constant, in general, dependent on the orbital whose eigenfunction is 
sought. The vectors, £ , obtained from equation (llO) must be Schmidt 
orthogonalised before being used as input to the iterative procedure.
a * i + u • ^0,145,146 „ ,x . .A very successful technique for obtaining convergence
146 140in difficult cases is the level-shifting method ’ * , an application
145 150of the 'Modified' Hartree-Fock theory ” 1 . The operator W in equa­
tion (61) is replaced by a small positive constant which shifts the 
virtual, but not the occupied orbital, eigenvalues.
Since the Roothaan-Bagus method requires good starting vectors, 
it is often the case that suitable vectors are determined with a more 
conventional procedure. The SCF program includes for this reason a 
standard Jacobi diagonalization subroutine with Lowdin orthogonali-
151zation taken from the book by Offenhartz . The rationale of this
151,152 135
general method , a Householder routine would be better than
the Jacobi method, will not be repeated here.
In choosing to find solutions to the pseudo'-eigenvalue equation
(105) it is assumed at each iteration that the electronic interaction
matrices, equations (103,104) are constant. This assumption often
works well, however more recently an increasing amount of work has
154
been done on so-called direct minimization techniques . Such methods
have the advantage of being applicable to other minimization problems
and a further impetus to their development arises from the increasing
20,155
importance of multi-configurational SCF methods and the possibi-
163
lity of combining the optimization of all the linear coefficients
153,156,157
First applications were however disappointing; McWeeny's appli­
cation of the method of steepest descents, although convergent, was
140 158,159
so only very slowly . Subsequently, Fletcher proposed a method
based on conjugate gradients with a more appropriate technique of in­
corporating the necessary orthonormality constraints; slow convergence
111
was also exhibited . It has been suggested that the slow convergence 
of this and similar gradient methods is the result of the singularity
of the matrix of second derivatives of the energy (Hessian matrix) at 
160,161
the energy minimum ; proposals have been made to alleviate this
160-162
difficulty and a considerable increase in the use of gradient
methods is to be expected.
SCF Program
The principle subroutines common to both diagonalization 
procedures used are RHFSCF and DENSTY. In subroutine DENSTY the density 
matrices are formed in subroutine DFORM in the array DD as indicated 
by the COMMENT cards. Throughout DENSTY the one-electron 'supervectors' 
are held in fast store whereas the superraatrices are read in bloclcs 
of 8192 from channel 11 during the building (lSPHF=l) of the FC and 
F0, equations ( 90 , 91 ), 'supervectors'; for spin-polarized calcula­
tions (lSPHF=2) the 'supervectors' equations (92) and (93) are held 
in the arrays FC and F0 respectively. In forming the elements of the 
FC, F0, RC and R0 (subroutine R forms the coupling operator 'super- 
vectors', equations ( 56,57 )) and the total energy, DENSTY requires 
the superraatrices in the order followed by ^ for 'J followed by JC,at 
each change of symmetry species for restricted and spin-polarized 
calculations respectively. The supermatrices are read from channel 11 
into, the array PQ as required, the Q  supermatrix only for those open- 
shells present. The P and ^ , equations ( 94,95 ) 'supervectors' and 
the corresponding arrays for spin-polarized calculations are held in 
the array QPD ; the FC, F0 arrays are then formed simultaneously. 
Subroutine RHFSCF essentially controls the iterative procedure and 
determines convergence. The option of Schmidt orthogonalizing the star­
ting vectors (subroutine SHMIDT) and of projecting new vectors from 
the vectors of previous iterations after a given iteration, are allowed.
The results are listed by subroutine RSLTS, before doing so however 
the solution vectors are allocated new storage by subroutine SOLNS. 
This relocation of vectors is performed to allow 'brute force' orbital 
exponent optimization iteration, however this is not present in the 
program. For atomic calculations the integrals are formed in subrou­
tine CALC (cards sequenced with the name RHFINTS) the formalism being
69
that of Roothaan and Bagus allowing non-integral principal quantum
205
numbers as described by A1louche
CHAPTER III Analysis of Molecular and Atomic Integrals
20 164
In the method of molecular orbitals ’ each molecular orbital
which, in general, extends over the whole molecule, is represented by
a linear combination of atomic orbitals. Thus, in equation (68) , the
functions X may be associated with one of the atomic centres in the
165,166
molecule; it is known that no significant advantage is obtained
in SCF calculations on diatomic molecules by allowing the basis 
functions to move from the atomic nuclei. In a diatomic molecule the 
Hamiltonian, equation (63) , becomes
S , 2 Z Z, \ i . Z Z,
(- K  + 7s- + + + s t " (“ 0
v v av bv V<p Vp ab
where a and b label nuclear centres. Representing by X^ and X^ atomic
orbitals associated with centre a and b respectively it is clear from 
equation (ill) that, aside from the one-centre integrals, the one-elec­
tron molecular integrals that occur may be written
< * a  I + 7a-  + 7T  I * b >v av bv
and
< \  I r -  I (u.3)
av
together with the integrals in which the labels a and b in equation
(113) are exchanged. The integrals in equation (112) are the two-centre 
kinetic and potential energy integrals; equation (113) is the so-called 
split nuclear attraction integral. The molecular two-electron integrals 
are, from equations (67) and (68) , the Coulomb integral, written
/ / «
'X*(l) Xa ,(l) ( r ^ ) 1 Xb (2) X*,(2) dVt dV2 , (H4)
and the exchange integral
X*(l) Xb (l) ( r j J 1 Xa ,(2) X*,(2) dVx dV2 , (U5)
together with the Coulomb-exchange hybrid integral
av1 dv2 (116)
normally referred to as the hybrid integral„ The primes in equations
and the corresponding one-centre integrals, all required to be calculated 
accurately to perform an 'ab initio1 SCF calculation of a diatomic mole-
molecular and atomic integrals is the choice of functions taken to re­
present the orbitals. The decision rests to a large extent upon the pur­
pose to which the program is to be devoted and lies between the functions
suggested by Slater rthe so-called Slater functions,and those suggested 
170
by Boys , or Gaussian functions. The latter functions were introduced 
as a means of overcoming the difficulty of evaluating many (three
terms of Gaussian functions, such integrals degenerate into simply-pro-
167
grammed and easily evaluated integrals over one or two centres . The 
advantages of Gaussian orbitals therefore lies in the ease with which 
the integrals can be programmed, that they permit 'ab initio1 calcula­
tions of many-centred molecular systems, and that, in general, the inte­
grals can be evaluated much more quickly than in terms of Slater orbi­
tals. Although, in some circumstances, an integral can take as long to 
evaluate when expressed in either of the two function types.
The disadvantage of Gaussian orbitals is that many more functions 
are required to effectively approximate the behaviour of an orbital near 
a nucleus and distant from it than with Slater-type functions. This poor
(114),(115), and (116) represent other orbitals associated with the same 
centre. These integrals, equations (112) - (ll6) , are, with the overlap 
integral
x 167,168 
cular system
The first decision to be taken on writing a program to evaluate
169
or four) centre integrals in terms of Slater functions. Expressed in
behaviour of Gaussian functions far from a nucleus stems from the fact 
that they are not natural solutions of a central-field problem. An essen­
tial property required of a function for an adequate description of the
properties of a wave-function close to the nucleus is the possession of 
171,172
the cusp-condition , that is, a non-zero derivative at the nucleus.
This property is not possessed by Gaussian functions, but can be intro- 
173
duced leading to a more appropriate behaviour for atoms heavier than
hydrogen. Of importance also is that, in a molecular calculation, the
rate determining factor is the calculation of all integrals. Assuming
that an equivalent accuracy in a calculation may be obtained equally
well by Gaussian functions, if a sufficient number are taken, as by Sla- 
174,175
ter functions ,a further choice between the two function types is whe­
ther the necessary computer time is to be spent in a) calculating the 
information required for the evaluation of the integrals as with Slater 
orbitals, or, b) performing the necessary manipulations with large 
numbers of integrals as with Gaussian orbitals.
In this program Slater Type Atomic Orbitals (STAO's) have 
been adopted as basis functions. These functions take the form
X. = C r. e ^ 1 Yf(-0,q)) (11B)
1 n l £ v
where
n 4  i
Cn = (2£) / [(2n)l] (119)
in spherical polar coordinates. The subscript i labels the centre with
which the orbital is associated; n,£, and m are the atomic quantum num-
jn/ \ 176
bers, b the orbital exponent, and a spherical harmonic . Slater
functions are nodeless nonorthogonal solutions of the central-field pro­
blem, arising when a potential of the form
V(r ) = + tn(n-l) - 1(1+1)] (120)
r 2r2
is used. They produce an adequate description of the outer regions of 
an atom or molecule, and a reasonable description of the wave-function 
close to the nucleus, as they possess the cusp-condition. A further 
advantage of using these functions is that reasonable accuracy may be 
obtained using two functions to represent each atomic orbital. This 
allows of an adequate description of many electronic systems on a nor­
mal sized computer.
Of the required integrals the most difficult to evaluate are the 
two-electron molecular integrals. These integrals may be regarded as the 
electrostatic interaction between two charge distributions. In the Cou­
lomb integral each charge distribution is centred upon a single centre, 
whereas, in the exchange integral both distributions are bicentric. For 
the hybrid integral one distribution is monocentric, the other bicentric.
Closed analytical expressions for the Coulomb and hybrid integrals
120 177—179
have been obtained by a number of authors * but are not
accurate in all argument ranges. The electrostatic interaction between 
the two elongated, bicentric charge distributions in the exchange in­
tegral is much more difficult to evaluate. The first evaluation of an
exchange integral was accomplished by Sugiura wh0 used the Neumann
181 _1
expansion formula in elliptic coordinates for r . the interelec-
12
tronic distance.
181
However, with the publication of Ruedenberg's paper in 1951, the 
use of analytic expressions for the evaluation of molecular integrals in 
large scale calculations proved to be an inferior technique. In dealing 
with the exchange integral Ruedenberg proposed that the integral be eva-
luated using numerical quadratures rather than recurrence relations.
In general, numerical integration is more time consuming than the use
of recurrence formulae in the calculation of an integral. However, a
feature of molecular calculations is the existence of a fixed number
2
of charge distributions, approximately n for a basis set of size
4
n , and approximately n integrals . Thus in a molecular calcula­
tion a relatively small number of charge distributions is evaluated at 
a series of integration points; the integrals are then formed systema­
tically from this information. This method proved practicable with 
the use of hand calculators; subsequently, it has been adopted in most 
computer programs designed to perform molecular calculations using STAO's
The Coulomb and hybrid integrals have never proved to be a very
177 182—184
great problem to evaluate. The normal procedure has been * to use
164
the Laplace expansion for the interelectronic distance, in which case 
analytic integration over the coordinates of one electron yields a po­
tential dependent on the coordinates of the second electron. The poten­
tial is expressed in terms of standard integrals; the integral is then 
evaluated by numerical integration over the coordinates of the second 
electron.
Although attractive from the point of view of simplicity, this 
technique has serious disadvantages. The Coulomb integral may be written
f f Qa a - ^ K b - ^  rl2 dVl dV2 > (l2l)
the hybrid
or
f f Q**'(L) fia"b<2) r12 dVl dV2
7 7 n bb'(i)Q*b*«(2) ri2 dvi av2 > (123)
and the exchange as
-1
where the charge distributions are defined by
= V 1) ; n ij(2> = ^(2 )  Xj (2) (125)
the subscripts i and j referring to atomic centres. Expressing r ^  in
terms of Laplace's expansion and following the technique of Wahl, Cade
183
and Roothaan results in in equation (l2l) not being the same as
1 in equation (123). Further, since the only viable technique pro­
posed for calculating the exchange integral uses the Neumann expression 
for r^g » appearing in equations (l22),(l23) and (l24) is different.
This means that these charge distributions must be calculated twice, de­
pending on the type of integral in which they occur.
182,183,185
A further disadvantage present in earlier programs has been
the use of 'crossed' integration schemes in which the numerical integra­
tion is performed for a number N of integration points over two varia­
bles. The result is that the charge distributions must be evaluated at
2 186-191
N points. This difficulty was overcome by Ruedenberg and co-workers j
dispensing, however, with the efficiencies inherent in the charge distri­
bution concept. This is unfortunate; although the methods of Ruedenberg 
187-190
et al. may be faster than some previous techniques, an
essential attraction of the use of charge distributions is the possi­
bility of obtaining the two-electron supermatrices, equations (73) ,(76),(84) 
and (88) , relatively efficiently. Further, with the charge distribu­
tion formalism linear transformations of the basis set may be performed
168
during the integral calculation
The technique employed here is based upon the paper of Mehler 
186
and Ruedenberg concerned with the exchange integral. The detailed 
analysis of the treatment of the two-centre two-electron integrals is 
given in full. Several changes from the original method of Mehler and 
Ruedenberg are employed and there are a number of errors in their ac-
count. After this analysis had been completed it was discovered that
the correct equations for the Q charge distributions had been given
192
more elegantly by Steinborn and Ruedenberg in work on three-centre 
one-electron integrals.
The basic treatment of the introduction of the Neumann expansion
181 193
into the integrals follows the work originally by Ruedenberg *
Two-centre Two-electron Integrals
Of the coordinate systems in which Schrodinger*s equation is
29
separable a natural choice for diatomic molecular systems is the ellip­
tic or prolate spheroidal coordinate system represented in Diagram II.
~R _ J
G•p - *pa - «pb
DIAGRAM II Relations between elliptic, spherical 
and Cartesian coordinate systems.
The foci of the coordinate system are taken to be on the nuclei a and b 
of the molecular system, and in terms of the spherical coordinate systems 
centred on the nuclei the parameters of the coordinate system are defined
by
l - (ra+rb)/K ; T] = (ra-rb)/tt i <t = «Pa - \  (126)
is the magnitude of the radius vector of the electron from the origin 
i and R is the distance between the nuclei. The reciprocal relations are
ra " |  K (i+Tl) = A K(g-Tl)
(127)
cos -9a = (l + gTl)/(g+T|) cos $ b = (l-g-n)/(g-T|)
and the volume element for prolate spheroidal coordinates is given by
3
dV = (|R) (i2-!]2) d£ dT) dip j (128)
the integration limits are
1 = £ 2 oo ; —1 = T) = 1 ; 0 = ip = 2Tt . (129)
The expression for the inverse of the interelectronic distance 
in prolate spheroidal coordinates, known as the Neumann expansion, is
i 181
given by
oo £
1 a n  t h  m (o . . \ i ,ml |m| >rai ,m|
7 77  ■ 1 2  2  ( - 1 ) p*  <Si> *  < v < v
£=0 m=-j? \ (l39)
J “inup9
e e
where £ < ^  an(i ^  must be interchanged in the product
if ^or ar£ument range given in equation (l29)
176
are the usual normalized Legendre functions defined as
1
\ « "V 1 r(2£+l) ( m i l 2 '"'m with o - l(-)m m =° (131)
V x) = pm i(x) = [2 U-iwHj V  ' P"» ‘ 1 m<°
Pg (x) = (l-x~) (x) (132)
M  J N  ,
P£ (x) = V x) (1!,3)
where, by using Rodrigues' Theorem
1 J  o I
pp(x) =  1 (x'-i) . (134)
g 2 £\ dx*
For x in the argument range 1 = x  = <x> it is necessary merely to replace
9 I ml/o ? M / o  |m|
(1—x ) in equation (132) by (x"-l) . The ' in equation (130)
are the Legendre functions of the second kind and are given by
lm|
2 .v2
') = (x -l)
dx
Q .(*) 1 S  X <  oo
1
V x )  = 2 / dy  ^  ( y ) / ( * - y )
-l
(135)
(136)
The integrals to be evaluated may be written
I = / d v x /dv2 n. .(1) n « .,(2) r“2
£
where the charge distribution functions ft and ft are defined
Q./l) - x;(l)x*(l) i (2) = Xj(2)Xt(2) .
( 1 3 7 )
\i-i a.u ; ‘( ..............
J 1 J 1J 1 J
Introduction of the Neumann expansion into I , equation (l37) gives 
o° JL | ©°
1 - 1 2  Z < - >  f e c i j f / ' W V
(138)
£-o ra=-£
where
( 1 3 9 )
1  2T X  0  , ,
/
<• 1 3  Q  Q  Iml l m i p
dT) J  dqj^R) (£ -H )<^(ll) e n(g,1l.'P) (14°)
- 1  0
and the functions ft(E,7|,ip) are the charge distributions defined in equa-
181
tion (138) expressed in elliptic coordinates. Following Ruedenberg ,
equation (l39) may be rewritten 
<x> J 00
■ - 1 Z Z  < - > ■ » / « , * « ,
1=o m=-£ ! J  d ^2P£ ^ 2 ^ ^ m ^ 2 ^
(141)
multiplying and dividing by under the first integral, since for
an arbitrary function f(^) g
f(g) . ^  fa* f(x) (442>
C
where c is a constant, equation (l4l) may be written
£ OO jm| j? ^
= h  2  2 (_) f f e f e i H  «/*d g ( i H 7 i 7 ) * f [ / dx ^ l(x)% (x)/  d y P f l(y)nL (
X=om=-X 1 £ < 5> 1 1 (143)
where x and y are dummy variables and the rule for differentiation of a 
product has been used. Integrating equation (l43) by parts, the integra­
ted part vanishing due to the integration limits gives
oo £ m 2° r i r  J  J»
2 2 (_) &S!!i /dg[40fe)][/dxFeml(x) Vx)/dyIi'nl(y)0Im(y)
£=0 m=-£ i i i i "
(144)
Differentiating the quotient in equation (144) and using
n M m  A .  J ml m  p lml m  —  olm* m  -  ( - )  (^ + 1 ^ ( 145) 
Q, (i) d g ?, (6) - P i (S) dg Q£ (6) - (l_ g2)C£_ |m|)!
8lnCeQ'ml(g) d Q 'f ' t i )fl 1L— L—  A- plml /j=\ M (r, A ( 1 \pN ( g )  dg lpN (g); - ^ W (g)]2 dg x <*> Q, (S) dg V “ l(g)y (°
the result may be substituted in equation (l44) to give
*Ja (6) dg (147)
where 1 i i -1
f^ m
/ \ T 9 cT lml 1 f iml ,
(e ) - [ ( r - D “ p£ (g)J y d x  pi (x) o /m(x) . (148)
The reduction of the molecular exchange integrals to the form,equation
181(147) was first accomplished by Ruedenberg and adaptations of the
182,183,186 
method have been used subsequently
The two-centre two-electron integral analysis used here employs
181,186,193
the exchange integral formalism ' for all integrals; thus, there
is no necessity to make the arbitrary distinction between 'Coulomb',
'hybrid', and 'exchange* integrals and all charge distributions reduce 
to essentially the same expression. This technique was originally em­
ployed to overcome numerical instabilities in formulations for Coulomb
168,194 195-200
integrals , and in the use of elliptic orbitals » Aside
from the apparent efficiencies resulting from the use of charge distri­
butions further justification for this method is provided by the re-
73 76 201
suits of Boys and Rice . More recently, related methods have
been used in the evaluation of 3- and 4-centre integrals. As usual,
although formalisms are available for the use of non-integer principal
202-205
quantum numbers m  the basis sets , they are here restricted to
integer values.
186
Mehler and Ruedenberg develop their formalism for the 
exchange integral using real STA0's ; here it is more convenient to 
employ complex STAO's defined in equations (118-119) where the complex 
spherical harmonics are defined
ip) =<P“ (c o s a ) e im 'P / ^ T i  ( 149)
Yjf(a,>P) = (-)mYgm (-a,'P) J i m  . (150)
Transforming the Slater functions to elliptic coordinates using equa­
tions (127), the resulting expression for an arbitrary charge distri­
bution Q. . is
= Cn Cn ’ [ f  R( g * 1t)J T f  R(g * ll)J  exp(vg+Y'T))
(151)
P P I nrra
X Jm|(is£!l) <P° '(USD) -i(m+m' )4>/
I ! £' '£*1) ’ ' K
Taking the symbols * in pairs as they occur in equation (l5l), then
Q a,a* is Siven hy (*)(*)  > (+)(+) and y = y ‘ = --|r(E+^)
^a b is given by (*)(*)  > (+)(-) and Y = - ■§ R (£+£') ,
1 \ (152)
Y'= - 2 R(£-E') and
^b,b' is ®iven by (*)(*)  > (-)(“) and -y = y' = -| R(E+£')
Since for complex orbitals
X*(n,£,m;£) = (-)m X.(n,£,-m;£) (153)
the required integrals, equations (121-124), are obtained by multi-
m .
plying the charge distributions defined in equation (l38) by (-) ** . 
Performing the integration over ip implied in equation (l37) gives 
the Kronecker delta condition
\ / i , \ (l54)
(m.+m^),(m! +mj)
and restricts the summation over m, equation (147), to m.+m. with
1 J
the summation over JL starting at this value, since . From equa­
tions ( 73 , 74 ) essentially two values of m are required, | + jm^ | |
and U_=j|hk |- |m.|J ,if C or D ^ symmetry is assumed; further, from 
equation (l54), the phase factors in equations (l5l) and (l53) may 
be omitted in the following and the moduli of the azimuthal quantum 
numbers taken.
Collecting together the constant factors in equation (l5l), 
using equation (ll9) and (l3l), and writing
1 , 1  i
n+2 n +2 - * -  *
, _ (Rg) (Rg1)K' = o
'(2l+l)(2lZ' + l)(l-m) ! (Z' -m 1 ) ! 
(2 n ) ! (2 n ')! (£+ra)!(i1+ m ')!
(155)
then, substituting in equation (l5l),
Now, since
(l_(i±l3)2 ) . (167)
g+1" (g+*n)
and
2
( M l z l n f  ) . (158)
S'1 (g--n)2
equation (156) may be written
3 Tfl n-ra-1 n'-m'-l r -ffif?*
n(-R) n i(j = — dm) (g*ii) exP (vg+Y'Ti) [(£2-i)(i-ti2^ 2
(m) . c (m ’) . (159)
where equation (132) has been used for the Legendre functions. Defining
d = (£2-1)(i-T|2) (160)
q_ = min(|m|,|m' | ) ^161^
and
•»+ " 0 (162)
where q_ is used when applies and q when Kf applies, equation (159)
+ +
becomes
i 3 n-ra-1 n'-m'-l M 2q (m).
n(2n) (E*H) exp(Y£+yT)) d ± d ± K (**“ )
(m1) f (163)
*  r  ’ ’
Following Mehler and Ruedenberg the Legendre functions appearing 
in equation (l63) may be expanded as
i - E
(m)(i±|3) _ ( M i y ,  y (i)( I (g-iy(CT)v (g+i f m-v ( i i ? f e  (164)
?* (g±T| ' 21 ’ (v,(»+v' (l±^  K
where the (y) are binomial coefficients and, since from equations 
(160-162)
d21 = (g2_l)(l(l_112)q (165)
The powers of (£+l) appearing in equation (l66) may be expressed in 
terms of powers of (£-l) using
(g+l)J = T Y | )  2J . (167)
1=0
The limits of summation in equation (167) may be changed; the lower 
limit, since from equation (166)
j = ^-m-v+q
becomes V , the upper limit (£-m+q) . The behaviour of the expression 
equation (l66) is preserved by changing the binomial coefficient and 
the exponents. Thus
I - m-V+q p i-ra+q-i i-V
- 2  2 (6-d (168)
i=V
and substituting in equation (166)
(m) mk v —  l-m+q i+q v+q £-m-v+q
A* u u o  w  d * o   (169)
l g+7| I'- ZJ ’ Zj vraq '
v=o i=v Vb + 'i;
where
ii -m+q-i „ . n
A = 2  (2)( % /170\
Vraq * V ^ m+v 'V-m+q-i' • t170'
The last two equations, (l69) and (170) differ from the corresponding 
equations given by Mehler and Ruedenberg. The limits for the summation 
over i and the exponent for the factor 2 in equation (l70) are mis­
printed,
2 2
Multiplying both sides of equation (l63) by (£ -7] ) two types of 
expression are obtained depending on whether the charge distribution in­
volved is mono- or bi-centric. That is,
1 9  9 ir i n“m n'-m'-l 2 a
^(o1*) (£ -T) ) ^ aa« = (£±7l) (5+7|) exp(y£+Y'T]) d “ d
b” ' " (171)
V  p M f i l i Z U  p(m')rii|3N 
*  £ §±71 £• §±71
and
1 8 9 9 i n —m n —m W
^ R )  ( r - r )  ^ ab = 9-(§+1l) (g-Tl) exp(y^+Y'Tl) d - d“q
(172)
V  r (m)/l + gljv p (m' ) /ida2)\
I 4+7) I' g-7)
Using the expansion, equation (169) , found for the Legendre functions 
in equation (l7l) and (172)
/I v^/ 9 9 K 1 , n~£ n — £C “1 M
^ R )  ( r - V )  ^ aa. = T"(S±7l) (g±7l) (gTTl) exp(y^+y'T|) d ±
bb'
jj-m i-m+q J?' -m ' I? -m *
)! x  2  S {- ^  2  2 (-i)V' (i73)
V=o i=V V'=o i' = v'
i'£' i+i'+q y + y'+q £' -m -m 1 -y-y' +q
AVmq AV'm'o (1~1^  (1+1^
and
4 3 n-i n'-i' M
R (fO (r-T)“) ^ab = f “(g+7|) (g“7l) exp(yg+y'Tl) d ±
i-m  f-m+q i ' - m '  / ' - in '
x  2  2  « - » v  2  2  < ■ » >
V=o i=V V'=0 i' = V'
i 1 i1 i + i'+q f ' - m ' + v - v ' + q  / - r a + v ' - v + q
AV,0q Vm'o ^  (1+^ )
Using the expansion
n-£ r— i n n-/-k k V*"| 0 n—k k— £
(g±7|) -  Y C ^ H Z - t )  (1±T|) = 2 c i h g - u  D ±1 |) (17 5 )
k=o k=j0
and defining
_ K ’d+nQld'+m')! , >
£\ £'\ (1-76)
1 ,.i_
n+0 n + 9 (2l+l)(2e+l)/Jl) tl\ / i + m w i ' + m S  
(2n)! (2n') I'm* m m m'
and substituting equations (175) and (l76) in equations (173) and (l74) 
gives
R (|R ) (r-Tf) fiaa, = f  expCy^+Y'Tl) d ± 2
bb' j =o * k=1 k ' = /'
(177)
2-m. 2-m+q i ' - m ' 2 -m' n
x  2  2 - -  2  2 < - > ' M .  ,,,8)
V = o  i = V  y ' = o  i ' = v '
n+n'+i+i'+q-k-k'-j y+v'+q+j k+k'-m-m'-v-v'+Q
(£-1) (!+!l) (l±7l)
and
77(|r ) (g2-n2) n ab = f  expfyg+Y'n) d 1 ^
k=/ k'=i'
/-in /-m+q /'-m' l - m ' g ,
x 2  2<-‘>v 2  2<-‘>- C  vl
V=o i = V v* =o i ' = V*
n+n'+i+i'-k-k'+q k '-m'+V-V*+q k-m+V-V'+q
(§-1) (l-7|) (1+11)
Note that the definition of the constant, K , equation (l76) , differs
from that given by Mehler and Ruedenberg; their definition is incorrect
>1TJ-
by a factor of 2 - . Changing the order in the paired summations in
equations (178) and (179) from i(') t 0 i o ,  VC ) gives
3 „ „ u 1 n n'-l
k (|r ) ( g V )  naa, = f exp(Y g+Y.l,) d“± 2 ( J )  2  2
b b <  j — o  k=J> k ' =  j£'
l - m + q  ■£'- m
V + V '  \i
(-1
i = o  V = o  i ' = o  v ' = o
i ' / '  n + n ' + i  +  i ' - k - k ' + q - j  y+y'+q+j k + k ' - m - m '-V-V ' + q
A V ' m ' o ^ _ l )  ( 1 + 1!)
/-m+q £'-m' , x
V I  V 1 V *  V"l v+v 1^  1 2 n+n'+i+i'+q-k-k' (l8l)
2  2  2  2 ( - l }  v ,
i = o  V = o  i ' = o  v ' = o
k ' - m ' + V - V ' + q  k - m + V ' - V + q
(1-7)) (1+7))
where the limits of the summations over v and v‘ in equation (180) and 
(l8l) are given by
Vmax = min(i*(2-m)) ; v'max = min(i',(/'-m')) . (182)
These limits differ from those given by Mehler and Iluedenberg; their 
limits lead to negative factorials for certain values V.
The equations (180) and (l8l), using equations (160-162),contain 
terras of the form
M+
o o c* c (l®3)
(1—7) ) " (1-7)) (1+7))
“+
which may be expanded0 in terms of a series of Legendre functions (t)) 
defined by equation (l3l) ; that is
“± £+£'+M
(l-T)2) 2 (l+Tlf (l-7))£ = 2  (-f- ^ ( 7 ) )  (184)
T -If +L=M
+
where
b l m = J  dri(l-T)2) ' •PjfCi))(l+7))S (l-T))S . (185)
-  -1
This integral, equation (185) may be evaluated by expanding ^ ^“ (l]) using 
equations (164), (l3l) , and (132), and then integrating by parts. Each 
integrated term vanishes when ‘T)=i+1 until the integral is expressed in 
terms of either (l+7|) or (l-T)) , in which case the result is
The constants, aT . , may now be defined by
- ,  -  2  2 c i > « >  2 2 2  2 - ‘ » C ,  C . < - >
v+V i I i ’£'
, \' \ 7 n-‘W "  -*'( V  V  \7_i
LVJ
k k 1 i V i' V'
where the limits of the summations are given by
/ = k =n ; /' = k ' = n '
0 = i == /-m+q ; Q ^ i ' =  £'-m'
0 = V = min(i , ( 2 - m ) )  ; 0^ V* = min(i 1 , (/'-m') )
(188)
and, for the exchange integral, equation (l8l) gives
S' = k ' - m ' + v - v ' + q  ; s = k-m+v'-V+q . ( * 8 9 )
For the monocentric charge distributions, n 1 in equations (187) and 
(188) is replaced by n'-l ; from equation (l80) the exponents g, Q* for 
the ft , charge distribution given by
8.E
G = k+k'-m-m’-V-V'+q ; g' = V+V'+q+j (190)
and for the t distributions the definitions are reversed, that is
g' = k+k'-m-m'-V-V'+q ; £ = V+V'+q+j . (191)
Substituting aT . , equation (187), in equations (180) and (l8l) gives 
L hj
U± 1
tc(2R ) ( r - r )  ^ aa, = f  exp(Y^+Y,T])(^2-l) 2 y^ t(1.)
bb J=0
(192)
n+n'-M -j n+n'-l+j
2 1 2 ^
H=q+l-j L=M
+ 
and
n+n'-M
TtCjR) (t2-v) fiab = | exp(Yg+Y'T))(g2-l) 2 (g-i)K
u=<l
n+n' (193)
t - i m +
Z .  V i  WLx.i L 
L=M
+
where the exponent of (£-l) in equations (l80) and (l8l) has been re­
placed by a summation over X , The limits of the summation over X  ,equa-
tions(l92) and (193) ,are obtained using equations(l60-162) for q and de­
termining the maximum and minimum values of the exponent of (£-l) in 
equations (180) and (l8l). The summations over the indices i,i * , k and 
k 1 in equations (180) and (l8l) are thereby restricted to values of the 
indices such that the condition
n+n'+i+i*+q-k-k'-j = X  j (194)
for the ft ^ charge distributions j=0 in equation (194).
Changing the order of the summations appearing in equation (l92) 
as follows
2  2  2  — >  2  2  2  (195)
j X  L X  L j
the corresponding limits become
q = X  ^  n+n ' -M+
where, for
X  = q : M+ =L^n+n' ; j=l
q < X < n + n ' - M + : L^n+n'-l ; j=0,.l
L = n+n' ; j=l
and
X = n+n'-M : M = L^n+n'-l : i=0+ + ’ J
(196)
and putting
aLX
JL
-  2 ( jl )  V y  ( 197>
the equations for both mono- and bi-centric charge distributions assume 
the same form
M± n+n'-M
o o ir o ' o V i X
R(-|tt) (§2-Tf) “ f exp(Yg+Y‘1l)(§2-l) 2 c 2
X=
r i  m
2  v
•K=q . .
(198)
where the limits of the summation over L are given by equations (193)
and (192) f or the ft , and ft , charge distributions, respectively.ao aa
bb'
The functions defined in equation (l40) are obtained,
substituting equation (198), as
M±
~  1 2TI
n £ m (g) = f *  exP(V?)(?2-l) d'P'I>L±(l))
. U  L _1 ° (19»)
<3^ (Tl) e xp ( y 5 7])
The integrals
 ^ M m
di| S>L (Tl) (T|) exp(y'Tl) (200)
-1
appearing in equation (199) may be evaluated using the expansion theorem
, . + „ , . , , . 186,188,206 
for products of spherical harmonics
= 2 ( - l ) W ^ J ( l l ) (o  0 o> [ ^ 2L+1) ( 2 ^ D ( 2 J + 1 ) ] ?  <201>
J
/Li Lo Lox 206,207
where the ( L d are the Wigner 3-J symbols . Substitution of
ml m2 m3
equation (201) into equation (200) yields an integral of the form
1
dTJ flPj(Tl) exp(Y'T)) . (202)
-1
Using Rodrigues' Theorem, equation (l34), in equation (202), gives
1   1 j
1 dT| <P (T)) exp(Y'Tl) = 1 - f -  f  <111 exp(Y'T|) ^(T|2-l)J (203)
-I 2 J! J df|J
which, when integrated by parts J times, the differential coefficients
2 xJ
of (^“-l) which are of lower degree than J vanishing when 7] has the
values +1 , gives
1 ,J 1 J
J * 7) Pj(T}) exp(Y'7]) = JdT\ exp(Y,7l)(l-7J2) . (204)
1 _1 187,188
Introducing now the auxiliary functions It(y ‘) defined by
then
Jil\ exp(Y'l)) «*j(T|) = rj (r)
-1
Substituting equation (206) in equation (199) gives the result
(206)
+ ___
= K exP(YS)(g2-l)"5"^](§-l)X y | a TX (2L+1) (21+1 )j
X (207)
L+£
JLl  ^ ' 0^ 0 oKl+-M+ 0^ (2J)! ^
J= | h-i\
Writing
1 L + £
= S aL x t 2 L + l) ( 2 ^ ) ] 2 2  ( - 1 ) +M± (o 0 0>£ -M  O^t S tT  ^ ( V )
L J= | L— j8|
and substituting in equation (148) gives
1 -1 J
+ + (208)
r,. 186 „
Since , for m =0
1 r —
(E2-l)2 lW(g) K J  dx P^ m|(x) exp(yx) (x2-l)2 ^Tj(x-l)
1 U
m I
( 2 ,\2 _m/ N (/+ra)! V 1 ,v+m
(x -1} V x) = t r a r  2 j cv 1
-ex *
(209) 
(210)
V = o
and
(x2-!)2 £(x) - t<U “ V 2 (t+2) 0 - ) / 2  c£n tv (211)
V = o
where
t = x—1
im
equation (209) becomes
( / • f  V ) ! (212)
2 (£-V)!V!(v+m)!
f m - t J V  * V  ,Vv,t (1+m)/2,c (“-1)/2 
W §) - K e 2 j W£x Z j ° V  (g-l) (g_l) (^+1)
y ,d.eY - . ^ v +m /  ( j v -
X- V=o
(213)
The exponent X+V may be replaced by a summation over n in equation (213) 
and putting
T = g - 1
to give
.,.(!> - k  .v , „ i , (-•>/- j v  „ ; ■ /  <'* <*■<
n M-
where
,/m _ \ ‘ / m m  .
n ~ 2-1 Cn-U W£x (215)
X
1
q - f ds eZs sn+m . (216)
m + m  J
o
The limits for the summations over n are
X  . S n S X  + i (217)m m  max v ’
where X  . , X  are the limits given for X  in equation (196); the newm m  * max 1 \ »
limits for the X  summation equation (215) are
maxC*” 1") gli = «in(1S“ x) (218)
n- £ n
Equation (214) is the working expression for all two-electron charge 
distributions.
One-electron Two-centre Integrals
As is clear from the foregoing, integrals of the form
I = /x* M' X. dV (219)
may be evaluated by essentially the same method, without, for the
simpler operators M', the need for numerical integration. The aT
Lit
constants are the same as for those for the exchange charge distri-
EE'but ion, the constituent constants, equation (186) being taken
with M+=0 . The implied summation over L in equation (199) is not 
present and using equation (206) with the operator in equation (219) 
as unity
n + n ' n + n ' t t 1
Xs* o L=o
)
is obtained. This result is essentially the same as that obtained
190
by Silver and Ruedenberg for the overlap integral; similarly, if
V =0 equation (220) reduces to
I = K e'
n+ns
X = * o
X!
Y
X+l oU
120,187
As is well known , the two-centre nuclear attraction and kinetic
energy integrals are related to the overlap integral by
l i.
(220)
(221)
< 0<a(nl£,m;E)|_Za A a K ( n ' , t , m :E-)> - -^[n^n-i')']^ f222)
<OCa(n-i,£,m;I) | \ ( n' >£' *m; E')>
O a(n,£,m;E)|_Zb A a |5<b (n', £’,*;?)> = [n .'(2n'-l)] 2 E'
(223)
<Xft(n,i!,m;,£) J^fn'-l, I' ,m^ £' )>
and
<0< (n£m;E)
a
- | v X  (n'£'m;E')> 4  E
8n 
(2n-l)J
< X a(n£m;E)|\(n'i'm;E')>
+ (1-6 „ .) n, £+1
2(n+£)(n-l-l)
'Jn(n-l)(2n-l)(2n-3)| 1 -
< %  (n-l,im;E)|\(n'£'m;E')> (224)
<'Xa(n-2,^m; £) (n ’ Jl'm; )>
Only the above integrals are evaluated; however, the a ^  constants 
may be generalized to include other operators.
CHAPTER IV Calculation of Charge Distributions
The most time consuming part of a diatomic molecular SCF program 
is in general the calculation of the two-centre two-electron integrals 
and particular care must be taken during the programming to ensure that 
operations are performed efficiently and as infrequently as possible. 
The coding of a program may be considered from two aspects: the overall 
structure, and the detailed formalism. From the former viewpoint, an 
attractive feature of the Mehler-Ruedenberg exchange integral formula­
tion is that a considerable portion of the integral calculation need 
be performed only once and may be permanently stored. The exploitation 
of this feature leads to efficiency by the use of information which is 
not specific to a given calculation.
On the other hand, since the program is written in FORTRAN , 
which is inherently faster than ALGOL, the influence of the programmer 
in producing an efficient detailed coding is limited by the use of 
high-level language. Also, computer specific considerations such as 
instruction sequencing and instruction stack word length come into 
play. Nevertheless, in modern computers with parallel processing a 
number of general rules may be given for producing an efficient code. 
For example, the observance of operator hierarchies, the employment 
of brackets to produce low and efficient tree structures for state­
ments, and the use of inner loops of minimum word length in order that
the 'instack' property obtains may be mentioned. More details are
208
available in the article by Diercksen and Kraemer and the relevant 
computer manuals.
In order that the program perform most efficiently, three 
relatively small programs are run to build the permanent files. These
programs, they may also he used as subroutines, are described here 
together with the main integral program and their use in it; also 
described is the calculation of the necessary numerical functions 
and the integration procedure.
Constants
Subroutine VCC and Subprogram VCCALC
The method of calculating the Wigner 3-J coefficients depends
on the integrals for which they are used. In contrast to the two-
electron integrals, the one-electron integrals require small numbers 
of coefficients and small factorials. In this case, the coefficients
are calculated as required by FUNCTION VCC whiclr^raluates the product <y'
/^1 ^2 ^3\/^1 ^2 **3
0 0 0 M m x m? m3
x (188,209
) using the formalism of Polo-— ' , that i:
1^ ^ 2 j3\/^l ^ 2 **3 j = g (>i)+Jl~J2_m3
0 0 0 /\m1 m2 ra3/ o . m ^ m ^ m ^ ”
(j2"m2^! (Jo+d1q )! (jQ-nO !2 3 '3 3 (2g+l)
-1
( / ,  )L\  )g-j1 g-j, (225)
where
1 / •
g = 2(jl+j2+j3)
(226)
the summation over i takes all allowed values, negative factorials are 
undefined. The factorial values, up to 34! are held in the array U .
The two-electron integrals require considerable numbers of 3-J
coefficients and the term (2g+l)l in equation (225) may exceed 100! ;
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Corbato and Switendick have suggested a technique for calculating such 
high factorials. Since, in the evaluation of the charge distributions, 
repeated use is made of the same Wigner coefficients it is convenient
to generate them only once and store them permanently. The necessary 
coefficients are produced by FUNCTION WIG in an ordered list by sub­
program VCCALC . The factorials are read from cards as powers of prime 
numbers and all arithmetic is performed in terms of these integer ex­
ponents. Finally, the coefficients multiplied by the factor
TiTTryr V W o t o a + O  (227)
O
occurring in equation (207) are converted to floating point and the 
completed lists stored on tape. Required information for the program 
is the number of terms to be taken in the infinite summation equation 
(147) and the two largest principal quantum numbers to be used. As 
Wigner coefficients are permanently stored the largest values of these 
parameters, 40 terms and principal quantum numbers of five are used. 
Printed out by the program is the parameter LLVCC which is required 
information for the integral program; this constant could also be stored.
Subprogram ACCALC
The constants a^^defined in equations (186-187) are dependent 
only on the orbital quantum numbers and mhy similarly be permanently 
stored on magnetic tape. This task is performed by program ACCALC and 
results in a considerable economy in a full calculation. The constants 
are calculated in blocks with magnetic quantum numbers of the AO pairs 
in the order (m,m') : (0,0),(l,1),(2,2),(l,0),(2,0),(2,1) . Within the 
blocks with m=m' , the principal and orbital angular momentum quantum 
numbers take the order n = n ! , £ =  £  , starting from (Os, Os), (lprtjlpTt) , 
and (2d6,2d6) , keeping the normal superrnatrix order. The supermatrix 
order is also followed when m>m '  . In this case, the constants appro­
priate to the orbital pairs of a particular n,£ set with all n 1 , sets 
are formed; n,Z then changes and the procedure repeated to its conclusion
In principle there is no limit on the AO quantum numbers, however, in 
the program the implicit limit is 5f5 . At the start of program ACCALC, 
the data is printed out after read-in. The data required are the minimum 
and maximum values of the magnetic quantum number m, and the principal 
and orbital angular momentum quantum numbers of the orbitals of given 
ra value.
The data format as for all programs where necessary, is given 
in the supplementary volume, which contains the program print-out .
It is assumed that all constants for which m'= m are required. Each 
set of orbital quantum numbers is then assigned an identity label by 
subroutine ORBTYP ; the label is held in the array JTYPE .
The calculation of the constants is performed in a straightfor­
ward manner, the expression (187) being programmed in the chained 
subroutines POLYN, AS, SUMMA, AVM and BLM . Each constant is multiplied 
by the quantum number dependent part of the normalization constant, 
equation (l76). As noted by Mehler and Iluedenberg for the exchange
integral! L-M
aLX(\ > \  ! q,M) = (_) aLX(\ ’Xa ; q ’M) (228)
if the quantum numbers of and X. are the same. Similarly, as expected
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from the transformation properties of spherical harmonics ,
aLU^a-Xa' >' ‘I’11) = (”) aL x ( W  > 1.«) (229)
with the same quantum number restrictions. It is therefore only necessary 
to calculate two sets of constants. The constants are stored as
aLX(\ 1V :q>“ ) and aLH(W q ’M) •
For each (m,m') pair the constants are stored in the array AC 
as continuous series of numbers, including zero values. The order taken 
is all values of L and X for M_ followed by those for M+ ; the values
of L are always taken to n+n' , equations (l96) f a zero being inserted 
if this final value is redundant. This arrangement avoids the use of 
conditional statements when the constants are to be used. At the start 
of the calculation of the constants associated with a pair of AO's , 
a number, IAC, defining the position the constants occupy in the con­
tinuous column,is stored in the array ALIM.If in equations(228-229) the 
orbital quantum number sets are not identical, -IAC is stored in ALIM 
for the constants aL^(^a • Since each (m,m') pair starts 
a new series of constants, the value in ALIM for the first orbital 
pair is a multiple of 2048 , the block storage size. The matrix ALIM 
is defined by the orbital labels held in JTYPE ; the variable ICEN is 
1 for 'bicentric' constants, and 2 for 'monocentric' constants. Should 
the set of constants to be calculated overstep the limits of AC the 
column defined by ICEN is written onto backing store using different 
channels for different values of ICEN, and a new 'block' started. These 
features are convenient when the constants are read for use, since the 
files containing 'mono'- or 'bi-centric' constants do not generally 
keep in step in a calculation, and the necessity of continual testing 
to determine whether or not a set of constants is split between two 
blocks is avoided. The start value for a set of constants in ALIM 
therefore determines in which block the constants reside and the number 
of reads to be performed to reach an arbitrary set of constants. This 
is useful for restarting stopped calculations or for calculating spe­
cific integrals. Upon completion of the calculation of the constants, 
the matrix ALIM is also stored on tape.
Special Functions
Subroutine EANA and Subprogram EEC
In evaluating the two-electron integrals stable numerical tech­
niques are required to evaluate the auxiliary functions defined in equa­
tions (205) and (216) together with
00
An ^z) = J * 1 e~ZX dx (230)
1
used in the evaluation of the split nuclear attraction integral. All
181,183,186,187,210 
three functions may be calculated by well-known techniques
the A^(z) functions are accurately calculated using the ascending re-
r 1 181 cursion formula
zAn(z) = nAn_1(z) + e“Z (231)
The method of calculation of the q^(z) functions, equation (216), with
the minimum loss of significant figures, depends on the magnitude of z, 
where z may have a very wide range of values. In subroutine EANA which 
calculates the functions An (z) and qrl(z) » three different techniques 
are used to evaluate the latter. For z >80 , the approximation
qn (z) = n !/zn+1 (232)
is sufficient to produce values of qn (z) accurate to a minimum of seven 
significant figures; qn (z) is calculated using
nqn_i(2) = zqn (z) + e“Z , (233)
recurring from q^ for intermediate values of z , that is 5 < z <80 . For 
z less than this lower limit, qn(z) for the highest value of n required 
may be calculated using
00 k
q„(z) , „! e " Z 2  (234)
k=o
where the summation is performed first until
k .-9
((n+k+l)~f)< 1 0
183,186
the recursion formula (233) is then used downwards . Noting, however,
the similarities between equations(216) and (234) and the corresponding ex-
2 U
pressions for the Error Function , rather than evaluate equation (234)
212
as required, an interpolation method used by Sachs and Geller , but 
probably first suggested by McLean, is employed. Thus subprogram 
EEC evaluates equationf234)with 0 = n = 6 0  for all values of the argument 
z between 0.0 and 5,0 in steps of 0.1 . This interpolation table is 
stored permanently. The interpolation formula is obtained by differen­
tiating equation (234) k times
< 1 /  * „ (■ )  ■ ( - ) “  qn+k(«> (235)
A U 2 > 1 1 0and hence
oo k  k  oo
2 ^ -  ( £ ) « , ( • >  ■ ■ (S3* '  
k=o k-o
Equation (236) is used in subroutine EANA for the highest value of n;
a maximum of ten terms in the summation being required to obtain the
required accuracy. The error involved in using this method has been
212
given by Sachs and Geller . The limits given for change-over to diffe­
rent calculation methods appear to be satisfactory on most science- 
oriented computers; on the TR 440 and Cyber 175 used, neither double 
precision arithmetic nor adjustment of these limits has been necessary 
to achieve the required accuracy.
Subroutine FMIJMAT
In contrast to the Qn (z) functions which must be calculated at 
every integration point for each charge distribution, the auxiliary 
functions defined in equation (205) are evaluated only once per orbital 
product. These functions are also required in the evaluation of most . 
of the one-electron integrals and may be evaluated as described by
187
Silver and Ruedenberg . In subroutine FMIMAT the functions f (x)
187
defined by
where
f|lW = I^(x) e
-x
= e~X^F1 (|l+1,2(1+2 ; 2x)
. 211
(237)
(238)
(239) 
areand ^F^ (|1+1, 2|l+2; 2x) is the Confluent Hypergeometric function
calculated. From equations (l52),(205) and (207) the function required
in the calculation of Q . charge distributions is of the same form as
aa
equation (237), whereas, for the function, equation (205),
V~X)=_^ ±^ UT J d1\
|l! |i! 2 J
- eXj F^(|i+1, 2(1+2 ; ~2x)
is needed, where, as is easily shown,
I(I(-x)e X = ( - ) % ( * )
(240)
(241)
(242)
(243)
It is convenient, and more accurate, to include the calculation of the
factor z , where z=(2Y')^ in equation (206) in the evaluation of the
187,188
f^(x). Thus, the usual recurrence relation becomes
V x) = lV 2 (x)z " V i (x)
(244)
where the starting functions are given by
» / \ 1 x -x
= — e + e = coshx (245)
f^(x) = e - e / 2x = sinhx/x (246)
which gives accurate values for 2x> 6  . For smaller values of x a con-
183,187,210 210
tinued fraction method is used. Defining the ratio r (x) by
H*
f| i W  = r (x) f (x) (249)
where 2 ”1
V x) = I1 + V i (x)-
the maximum value r (x) is calculated by
max' ' J
r
max (*) = l / ( l + x 2/  f(2m ax+ l) (2 m a x -l)J  )
(250)
(251)
and equation (250) used to find all required r (x) ;the f.,(x) are then
|1 [X
/ \ M-formed using equation (249) and multiplying each term by z . Eight
figure accuracy in the values of f.-.(x) is achieved by taking max=|i +
|X max
(10+3.75(2x)/[i ) in equation (25l). To obtain the required function
max
for the ft , and ft,, , charge distributions the calculated functions 
aa' bb'
—X
f must be multiplied by e . This is done by using the starting
r*
functions
f_l(x) = | + je~2x (252)
aDd -2x
f (x) = ~  - -S-—  (253)
o 2x 2x v '
and then calculating the revised f|^ (x) as described.
Numerical Integration
The final integration, equation (l47) is performed numerically
, A 176,213 . . .. ...
using a Gauss—Legendre quadrature ; the integration variable, t> t
, 186 
is given by
r f - ( £ i )  - i S d S l  .
d t  = 2 d o / ( l - C f )  ^ 2 5 4 ^
Perhaps not surprisingly in view of the similarities between
176 213
the expression for the weights in Gauss-Legendre quadrature * and 
equations (148,199,202) the summation in equation (147) behaves similar 
to a quadrature. It is not necessary to use as many terms in equa­
tion (147) as integration points. The number of terms and integra­
tion points required increase with increasing orbital exponent and
internuclear distance. Most sensitive to these parameters are the two-
214
centre Coulomb integrals. Table I gives, as test integrals, those
produced using Hurley's basis set for his calculation on CO . At
least five or six figure accuracy is obtainable by choosing a reasonable
number of integration points and terms; this level of accuracy should
201,202
be sufficient for most purposes 
Program INTGLS
This program calculates all the charge distributions necessary 
for the calculation of the two-centre integrals. It performs this task 
most efficiently if, as described above, the preliminary information 
produced by subprograms VCCALC, ACCALC, and EEC are present on magnetic 
tape. If this is not the case, this information is generated by program 
INTGLS through a call to ACCALC as a preliminary to the calculation 
of the charge distributions.
Immediately after read in the Gauss-Legendre integration points 
and weights are converted into the form in which they are to be used.Thus 
the integration points, read in as in equation (254) are converted
to Cf and stored in the matrix GL. The weights, w^  ^ , are stored in the
array W(i) as
_ /2w. -1
1/ ^ r  ( * - V  • (255)
It is therefore only necessary to multiply the charge distributions 
together to obtain the integrals, the integration factors are distri­
buted symmetrically. The read in AO's are assigned labels by subroutine 
ORBTYP as in subprogram ACCALC and printed out by DATOUT called from 
subroutine CONTRL; no particular order of the basis functions is assumed 
by the program and the assignment of the label A or B to a centre is 
arbitrary.The AO data is held in COMMON/INREAD/; NATOM holds the principal 
quantum numbers,LAT0M the orbital angular momentum quantum numbers, ZI 
the orbital exponent,N0RB the number of functions in a symmetry species, 
ISYMA records the centre with which a basis function is associated:
1 for centre A, 2 for centre B. If a basis function has associated with 
it the value zero in the matrix ISKIP, all charge distributions invol­
ving this function are calculated; if the value held in ISKIP is unity, 
all those charge distributions involving this function with other func­
tions whose ISKIP values are unity are not calculated. This is of value 
when a function is added to the basis set or during exponent optimiza­
tion. The program allows a maximum of 56 basis functions.
The internuclear distance has, in the program, the variable name
R, and the number of integration points is IPOINT. As reported by Mehler 
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and Ruedenberg the accurate evaluation of the exchange integrals
requires a maximum of 11 terms in the infinite summation. This relatively 
rapid convergence of the summation for bicentric charge distributions, 
as compared to that for the monocentric charge distributions, is exploited 
by the program in that different summation limits are allowed for these 
charge distributions. The summation limits are held in the array MOR; 
MOR(l) holds the limit for monocentric distributions, that for bicentric 
distributions is in M0R(2). The symmetry species limits for which charge
distributions are to be calculated are read in as M11MIN and M11MAX ; 
it is assumed that if M11MIN and M11MAX are X and |JL respectively, 
charge distributions |XX>, |p , and |X|i> are required. The Wigner 
3-J coefficients are held in COMMON/STORE3/ throughout the program. 
Passage through the program subroutines is controlled by subroutine 
CONTRL called from the MASTER program.
Subroutine CALC
It is well known that the careful optimisation of basis function
exponents for atoms provides a good approximation to the orbital
215
exponents useful in molecular calculations . Thus, it is normal prac­
tice to start a molecular calculation with such atomic basis functions
216 215
as tabulated by, for example, Clementi, and Clementi and Roetti ;
reasonable approximations to the molecular total energy may then be
217
obtained by restricting optimisation to the valence orbital exponents 
The use of such a computational procedure results, on the introduction 
of molecular symmetry, in basis functions of common orbital exponent 
appearing in the basis sets of different symmetry species. A saving 
of computational labour may therefore be achieved by storing the <in (z) 
and calculated for a given exponent pair for use with every
occurrence of this pair whatever the charge distributions symmetry 
labels.
An option allowed by the program is to calculate files of 
the Qn(z) anc* *|j,(x) functions for unique orbital exponent pairs in the 
order required by the program. This function is performed by subprogram 
FMUEAN. The charge distributions to be calculated are numbered consecu­
tively in the order: all charge distributions of symmetry classification 
|XX> followed by those of classification |X|1> with X > [I . Adhering 
to this ordering convention, program FMUEAN identifies all occurrences
of a given orbital exponent pair and inserts in the appropriate locations
in the array ONCE the starting address of the associated function in
the fyCx) file. Subsequently, the q (z) functions are calculated for 
r n
the same orbital exponent pairs at each integration point. Since the 
same number of terms of both functions are required the array ONCE pro­
vides all the required addresses; further, during the calculation of 
charge distributions each file is read only forwards, no backspacing 
is required. However, each file must be rewound at each symmetry label 
change. The ^(x) are stored on channel 19 after the array ALIM, the 
qn(z) functions on channel 31 after the interpolation table, EE.
Flowchart I is given for subroutine CALC. The first steps in 
CALC are to rewind the a ^  constant files, read the limits matrix ALIM 
and set the read counters for these constants to -1 . The counters 
MRD, NRD, LRD, KRD are held in order in the array IWRD and are used 
for the AA, BA, BB, and AB constants respectively. In the present 
version of the program only MRD and NRD are used since all constants 
required for given symmetry species are contained in the allotted 
storage space. The switch variable JUMP controls the charge distri­
butions to be calculated; for JUMP=1 those of symmetry species |AK> 
are calculated, for JUMP=2 those of symmetry species f\|i]> . Continued 
reference is made to charge distributions throughout the text; by 
this is meant all terms in the summation equation (147) for a pair 
of AO quantum number and orbital exponent sets at a given integration 
point. All required fcharge distributions are calculated for a pair 
of symmetry labels, X , [1 , and then written onto backing store. The 
same procedure is repeated at each integration point for a X[1 symmetry 
label pair.
Once the symmetry labels X = ( l  have been determined by the loop
JIJMP=1
LABEL 10 X ; Ml1=M1 LMIN,...,Ml1MAX
Yes
M21 =X;
M21MIN=M21MAX=M11
No
M21 = |x; M21MIN=M11MIN-1,
M21MAX=M11-1
. i----------------
M21=M21MIN,„..,M21MAX
CALL ACDET
REWIND 12,19
READ(19)ALIM
CALL SIGNS; determine M+
< K S >
No
Yes
LIM(l)=16384
LIM(l)=12288
LIM(2)=16384
CALL cdc o n
< !
REWIT
READ
iD 18
(18) VCF
READ fy? 
Yes
READ(19) UMF
CALL NORMS
CALL WWF
REWIND 31 
READ(3l)EE
IST(l)=8192
IST(2)=12288
use old 
data?
Yes
CALL ERD
No
step through integration points 
IGL=1,...,IPOINT _____________
READ 12)B
© ©
Flowchart I Subroutine CALC
Read <ln(z) — |rEAD(31) IMF
No
No
Yes
calculate the 
charge distribution?
Yes
No
<^IST(ISM2) > LIM(LSM2) ?^>
No
Yes
<^IST(l)> 8192?
Yes
No
ru\fp=i ?^> — —
Yes
— ---<JillMIN >M11MAX?^>— — RETURN
NNMAX=N
CALL EWR
CONTINUE
REWIND 12
CALL EWR
CALL CIIDIST
CALL CHDIST
REWIND 1,2,3
M11MIN=M11MIN-1
M11MIN=M11MIN+1
GO TO LABEL 10
REWIND 10,20,21
p ; N=NMIN
1ST(LSM2)=1ST(LSM2)+M0RE-LSM1(LSM2)
Flowchart I continued; N(p.) is the number of AO's of symmetry species [1.
counters Mil and M21 the constant files are aligned by subroutine
ACDET. To do so, use is made of the fact that the first orbitals of a
symmetry label pair start a new block of length 2048 and it is assumed
that in a symmetry species the AO of lowest principal quantum number
is present. Thus, it is not necessary to have the full possible set
of aT constants stored. After file alignment by subroutine ACDET 
Jj ft
M and q defined in equations (161,162) , together with MTIMES^ *4*
r 1 M = M
where MTIMES = { +
1 2 M 4 M +' _
are determined by subroutine SIGNS.
At this point the constants c^ ^ equations (212,215) are calcu­
lated by subroutine CDCON ; this need only be done once for each pair 
of symmetry labels. The constants are stored in the array CDIV in the 
ST0RE3 COMMON area. Next, the Wigner 3-J coefficients are read into 
the array VCF in fast store and, after determining whether the f^(x) 
functions have been calculated by FMUEAN (SPACE(5)=l) or not (SPACE(5)/l)
and taking the appropriate action, subroutine NORMS which calculates 
£m
the constants b^ , equations (208,215) is called. If subroutine 
FMUEAN has been used then within CALC, SPACE(l) and SPACE(3) hold the 
charge distribution counters, normal supermatrix order assumed, re­
ferring respectively to the f.,(x) and q (z) functions. The integral
p* n
values of these two counters, as indices in the array ONCE, determine 
the start addresses in the array UMF of the required functions. SPACE(2) 
and SPACE(4) count respectively the number of reads less unity of 
blocks of 8192 that have been made of f^(x) and {ln (z) values.
Jbn
Upon return to CALC from NORMS the b are on backing store, 
accessed through channel 12 in the order required for the construction 
of the charge distributions defined above. Before proceeding to the
evaluation of the charge distributions the constants held in CDIV are 
converted to
(l+m)/2 (m-l)/2 / fa y
X (x+2) W(i) !  2]cv X , (251
where W(i) is defined in equation (255?) and the other terms in equa­
tion (21l) , by subroutine WWF . This again need only be performed 
once for each pair of symmetry labels; in CALC these constants are held 
by array CDIV. During the course of this conversion the Wigner 3-J
coefficients present in fast store are overwritten, they are not re-
£m
quired until the b^ constants appropriate to other symmetry species 
are to be calculated, when they may be re-read. The interpolation table 
for the qn (z) functions is therefore read into this vacant storage 
space, the EQUIVALENCE array EE. If FMUEAN has been used, tape 31 is 
consequently aligned as required. After determining whether old charge 
distribution information is available the program starts looping 
through the integration points.
£m
In forming the charge distributions, the constants bn are
read into fast storage occupying the first 8192 locations in COMMON/
STORE/ ; the formed charge distributions occupy the remaining space
in the COMMON area overwriting any aT constants which may be present.
LX
If M = M the charge distributions are written on to backing store in
full blocks of length 8192 except, normally, for the last block at an
integration point which is often partially full. If M+/ M^ , the block
lengths are 4096, the first block holding M_ , the second M+ . Thus, if
M+=M the charge distribution array in COMMON/STORE/ may be filled to 
+ Vi
the 16384 location; for M+/ M , M distributions up to and including 
the 12288^ location and M+ distributions to 16384 are allowed. These 
limits are held in the array LIM. The array 1ST holds the address of 
the location in the charge distribution area from which a given charge 
distribution is to start filling this area. Thus, for the first charge
distribution the address is 8192 for M , 12288 for M : these values
—  +
then change as charge distributions are formed until writing on to 
backing store, when 1ST is reset to these starting values. The charge 
distributions are written on to slow store by subroutine EWR; for |XX> 
the charge distributions are output through channel numbers 1,2 and 3 
f or X= OiTC, 6, respectively whereas |Xji> charge distributions are output 
through channels lO(lTCf), 20(6cf) and 21(6tc). The charge distributions 
equation (214) are formed in subroutine CHDIST; for efficiency, the 
limits in this subroutine are determined dynamically.
Through the use of the array ISKIP provision is made in sub­
routines CALC and NORMS for changing an orbital exponent when a set 
of charge distributions has already been calculated. Thus, a charge 
distribution is not calculated for a pair of basis functions whose 
ISKIP values sum to two. Subroutine ERD reads and backspaces the cal­
culated charge distributions to allow insertion of newly calculated 
distributions. No explicit provision is made for the addition of AO's 
to an already calculated set. However, in general, sufficient space 
should be available within the written blocks of charge distributions 
to allow the addition of AO's to the end of the list of original AO's 
for a symmetry species. jXX> charge distributions occupy approximately 
(N^(N^+l)/2)x MORE x (degeneracy) storage locations, where N^ is the 
number of basis functions associated with symmetry species X , whereas 
|X|1> distributions occupy N^N|^(MORE-M_) locations. Since these charge 
distributions are stored in blocks of fixed length it is a simple matter 
to determine how many basis functions may be added to an original set.
Subroutine NORMS
Urn.
As mentioned, this subroutine calculates the b constants
n
equation (215) in the order required by subroutine CIIDIST. These con­
stants are dependent upon the AO centres, information which is carried
by the variable MONOC in this and associated subroutines. MONOC takes 
the value 0 for AB or BA, and 1 and 2 for AA and BB 'centred constants 
respectively. In this subroutine the variable XZ is assigned its value 
4^1 , to convert the stored constants to those required according
to equations (228) and (229). When the arrays of a ^  constants present 
in fast store are exhausted, those required are read by subroutine 
ABRD. The signed character of the ALIM values help determine whether 
AB or BA constants are to be generated.
The Wigner 3-J coefficients are stored in the array VCF as a
£m
continuous series of numbers sufficient for the calculation of b
n
constants appropriate for AO's with the maximum principal quantum 
number values. Similarly, sufficient coefficients are present to 
allow the use of 40 terms in the £ summation equation (147). As cal­
culated by subprogram VCCALC, for each value of £, all necessary 
coefficients are present for the summations over L and J in equation
(208) to be performed. Thus, when the AO principal quantum numbers 
have less than the maximum values a number of coefficients at each £ 
value must be overstepped. These numbers to be overstepped are calcu­
lated by subroutine VCAD and stored in the array ICG, This array is 
recalculated for each AO pair.
The coefficients are also stored in linear arrays; in this
version of the program the subroutine ABSQ which formed square arrays 
of the a ^  constants is redundant.
Finally, within subroutine NORMS, subroutine BN is called. In 
this subroutine if FMUEAN has not been used the functions f|^(x) are 
calculated by subroutine FMUMAT and the orbital exponent dependent 
part of the normalization constant is named CONST. A considerable
amount of work is performed in this subroutine and a reasonably 
efficient code must be used. The limits of the DO loops are adjusted 
dynamically avoiding conditional statements and the number of opera­
tions performed within the loops are reduced. Thus, the lower limit 
of the index M. , equation (218) are held in the array MIN, the upper 
limit in MAX, and the limits of the summation over J equation (208) 
are determined by JMA and the arrays JADD and JMIJ. These latter limits 
are defined to start with the value two in order that no additional 
counter is required for the f^(x) functions held in the array UMF;
the variable KF in this array has the value zero if FMUEAN has not
been used, otherwise it defines the start of these functions in the 
table of functions. At each' value of £ in equation (147) the individual 
terms of the summation over L, excluding the a ^  coefficients, are 
stored in the array BF. These terms are then multiplied by the required 
a ^  coefficients from the linear arrays held in the array AC, the 
results being held in the array FB. Before forming the final b^m con­
stants, equation (215), stored in the array A at each n value, the
completed constants are written on to slow store using channel 12 if
the expected number overstep the array bounds. The summation over u  in 
equation (218) is performed in the loops DO 140 (y '=0) or DO 200 (Y'/o ).
In Table I , the one- and two-centre two-electron integrals
214
produced by the program, which reproduce the values given by Hurley , 
are listed. Observe that the integrals of <1 X|-L| X|Jl^ > symmetry are listed 
as —■ (<Cpr | qs]> + <Cps | qr>J and hence there are only 63 integrals. The 
<Ctttl|TtTt]> integrals are printed as M_ followed by M+ , though this 
is not indicated by the m^ quantum numbers; in terms of integrals 
over real STO' s the M__ integrals listed are ^[<JtTCjTCTC>+ <Jt7t|TXTt!>] 
with <TlK|fITt>= <fOT{TCTt>  , <TCTt|ftfc>= <ixfc|TCTC> and m=-m . Although
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KINETIC ENERGY 2 0 0 1 .6 10 00 B
ZA/RA 2 0 0 1 .6 10 00 B
ZB/RB 2 0 0 1 .6 1 00 0 B
OVERLAP 2 0 0 1 . 6 1 00 0 B
HAMILTONIAN 2 0 G 1 . 6 10 00 B
KINETIC ENERGY 2 0 0 1 . 6 1 0 00 B
ZA/RA 2 0 0 1 . 6 1 0 00 B
ZB/RB 2 0 0 1 . 6 1 0 0 0 B
OVERLAP 2 0 0 1 . 6 1 0 0 0 B
HAMILTONIAN 2 0 0 1 .6 10 00 B
KINETIC ENERGY 2 0 0 1 .6 1 00 0 B
ZA/RA 2 0 0 1 .6 1 00 0 B
ZB/RB 2 0 0 1 . 6 1 0 00 B
OVERLAP 2 1 0 2 .2 3 00 0 A
HAMILTONIAN 2 1 0 2 .2 3 00 0 A
KINETIC ENERGY 2 1 0 2 . 2 3 0 00 A
ZA/RA 2 1 0 2 . 23 000 A
ZB/RB 2 1 0 2 .2 3 00 0 A
OVERLAP 2 1 0 2 .2 3 00 0 A
HAMILTONIAN 2 1 0 2 . 2 30 00 A
KINETIC ENERGY 2 1 0 2 . 2 3 0 00 A
ZA/RA 2 1 0 2 . 2 3 0 00 A
ZB/RB 2 1 0 2 . 23 000 A
OVERLAP 2 1 0 2 . 2 3 0 00 A
N2 L2 M2 Z6TA2 C INTEGRAL VAL
1 0 0 7 . 6 6 0 0 0 A • 10000000E+0
1 0 0 7 .6 6 00 0 A - . 3 4 7 5 6 5 9 1 E + 0
1 0 0 7 . 6 6 0 0 0 A . 29337800E+0
1 0 0 7 . 6 6 0 0 0 A - . 6 1 2 8 0 0 0 0 E + 0
1 0 0 7 . 6 6 0 0 0 A - . 2 8 1 4 3 9 0 9 E + 0
1 0 0 7 . 6 6 0 0 0 A •86317868E-Q
1 0 0 7 . 6 6 0 0 0 A - . 2 9 6 6 8 0 0 1 E - 0
1 0 0 7 . 6 6 0 0 0 A - . 10395967E-0
1 0 0 7 . 6 6 0 0 0 A - . 1 5 5 9 0 3 8 8 E - 0
1 0 0 7 . 6 6 0 0 0 A - . 3 6 8 1 6 4 5 9 E - 0
1 0 0 5 . 6 7 0 0 0 B .10000000E+0
1 0 0 5 . 6 7 0 0 0 B - . 2 1 6 9 8 0 7 1 E + 0
1 0 0 5 . 6 7 0 0 0 B . 16074450E+0
1 0 0 5 . 6 7 0 0 0 B - . 3 4 0 2 0 0 0 0 E + 0
1 0 0 5 . 6 7 0 0 0 B - • 37525212E+0
1 0 0 7 . 6 6 0 0 0 A • 23128925E+0
1 0 0 7 . 6 6 0 0 0 A - . 7 6 9 6 2 2 4 7 E + 0 1
1 0 0 7 . 6 6 0 0 0 A - • 9 3 3 0 8 2 5 1 E + 0
1 0 0 7 . 6 6 0 0 0 A — .61122Q39E + Q
1 0 0 7 . 6 6 0 0 0 A - . 6 5 0 9  38 32E + 0
1 0 0 5 . 6 7 0 0 0 B • 48767556E-01
1 0 0 5 . 6 7 0 00 B - . 1 0 3 2 3 5 3 2 E + 0 1
1 0 0 5 . 6 7 0 0 0 B - • 22728294E- 0
1 0 0 5 . 6 7 0 0 0 B - • 2 0 4 1 3992E+0
1 0 0 5 . 6 7 0 0 0 B - . 80548502E+0
2 0 0 2 . 2 5 0 00 A • 10000000E + 01
2 0 0 2 . 2 5 0 0 0 A - . 1 0 9 5 7 5 9 6 E + 0 2
2 0 0 2 . 2 5 0 0 0 A • 84375000E + 0
2 0 0 2 . 2 5 0 0 0 A —• 90Q00Q0QE+01
2 0 0 2 . 2 5 0 0 0 A - . 2 8 0 1 3 4 6 4 E + 0 1
1 0 0 7 . 6 6 0 0 0 A • 4 92 895 67 E- 01
1 0 0 7 . 6 6 0 0 0 A - . 1 6 5 4 1 5 8 5 E + 0 1
1 0 0 7 . 6 6 0 0 0 A * 143758 68 E—02
1 0 0 7 . 6 6 0 0 0 A - • 15117337E+01
1 0 0 7 . 6 6 0 0 0 A - • 1 4 3 8 6 2 3 5 E + 0 0
1 0 0 5 . 6 7 0 0 0 B •21906065E+00
1 0 0 5 . 6 7 0 00 B - . 4 5 1 8 7 2 5 3 E + 0 1
1 0 0 5 . 6 7 0 0 0 B - . 50718017E+00
1 0 0 5 . 6 7 0 0 0 B - . 3 1 8 9 5 2 3 1 E + 0 1
1 0 0 5 . 6 7 0 0 0 B - .  82202205E + 00
2 0 0 2 .2 5 0 0 0 A •43067803E+00
2 0 0 2 . 2 5 0 0 0 A —. 4 4 5 0 5 1 36E+01
2 0 0 2 . 2 5 0 0 0 A • 9420 45 90E- 01
2 0 0 2 . 2 5 0 0 0 A - . 2 8 7 5 4 2 3 5 E + 0 1
2 0 0 2 . 2 5 0 0 0 A - . 1 6 6 9 2 9 4 6 E + 0 1
2 0 0 1 . 6 1 0 0 0 B • 10000000E+01
2 0 0 1 . 6 1 0 0 0 B - . 8 0 2 7 4 5 9 9 E + 0 1
2 0 0 1 . 6 1 0 0 0 B • 43201667E+00
2 0 0 1 . 6 1 0 0 0 B - • 48300000E+01
2 0 0 1 . 6 1 0 0 0 B - . 3 6 2 9 4 7 6 6 E + 0 1
1 0 0 7 . 6 6 0 0 0 A 0 .
1 p 0 7 . 6 6 0 00 A - . 7 0 2 8 9 5 88E—01
1 0 0 7 . 6 6 0 0 0 A 0.
1 0 0 7 . 6 6 0 0 0 A 0 .
1 0 0 7 . 6 6 0 0 0 A —• 7 0 2 8 9 5 88E-01
1 0 0 5 . 6 7 0 0 0 B • 8313 16 57E-0 1
1 0 0 5 . 6 7 0 0 0 B - . 1 7 5 9 0 1 32E+01
1 0 0 5 . 6 7 0 0 0 B - . 13944110E- 01
1 0 0 5 . 6 7 0 0 0 B - . 34575533E+00
1 0 0 5 . 6 7 0 0 0 B — .1 3 99  3138E + 01
2 0 0 2 . 2 5 0 0 0 A 0 .
Table II continued
HAMILTONIAN 2 0 2 .2 30 00
KINETIC ENERGY 2 G 2. 23 0 00
ZA/RA 2 0 2 . 23 0 00
ZB/RB 2 0 2 .2 3 00 0
OVERLAP 2 0 2 .2 30 00
HAMILTONIAN 2 0 2 .2 30 00
KINETIC ENERGY 2 0 2 .2 3 00 0
ZA/RA 2 G 2.2 30 00
ZB/RB 2 0 2 .2 30 00
OVERLAP 2 0 2 .2 30 00
HAMILTONIAN 2 0 2 .2 3 00 0
KINETIC' ENERGY 2 0 2 . 2 3 00 0
ZA/RA 2 G 2 .2 3 00 0
ZB/RB 2 0 2 .2 3 00 0
OVERLAP 2 0 1 . 57000
HAMILTONIAN 2 0 1.57000
KINETIC ENERGY 2 0 1 .5 70 00
ZA/RA 2 0 1 . 57 0 00
ZB/RB 2 0 1 . 5 70 00
OVERLAP 2 0 1 .5 7 00 0
HAMILTONIAN 2 0 1 . 57000
KINETIC ENERGY 2 G 1 .5 70 00
ZA/RA 2 G 1.57000
ZB/RB 2 0 1 . 57 000
OVERLAP 2 0 1 . 57 0 00
HAMILTONIAN 2 0 1 .5 70 00
KINETIC ENERGY 2 0 1 .5 7 00 0
ZA/RA 2 0 1 . 5 70 00
Z B/RB 2 0 1 . 57000
OVERLAP 2 0 1 .5 70 00
HAMILTONIAN 2 0 1 .57000
KINETIC ENERGY 2 0 1 .57000
ZA/RA 2 0 1 .57000
ZB/RB 2 G 1 .57000
OVERLAP 2 0 1 .5 70 00
HAMILTONIAN 2 0 1.57000
KINETIC ENERGY 2 0 1 . 57 000
ZA/RA 2 0 1 .5 70 00
ZB/RB 2 0 1 .57000
OVERLAP 2 0 1 .57000
HAMILTONIAN 2 0 1.57000
KINETIC ENERGY 2 0 1 .5 70 00
ZA/RA 2 0 1 .57000
ZB/RB 2 G 1 .57000
OVERLAP 2 1 2 . 23 000
HAMILTONIAN 2 1 2 .23000
KINETIC ENERGY 2 1 2 . 2 30 00
ZA/RA 2 1 2.23000
ZB/RB 2 1 2 .2 30 00
OVERLAP 2 1 . 57 000
HAMILTONIAN 2 1 1 .5 70 00
KINETIC ENERGY 2 1 1.57000
ZA/RA 2 1 1 . 5 70 00
ZB/RB 2 1 1 .57000
OVERLAP 2 1 1 .57000
HAMILTONIAN 2 1 1 .57000
KINETIC ENERGY 2 1 1 .57000
ZA/RA 2 1 1 .57000
ZB/RB 2 1 1 .57000
A 2 0 0 2 .2 50 00 A - • 82671050E+Q
A 2 0 0 2 .2 5 00 0 A 0.
A 2 0 0 2 .2 5 00 0 A 0.
A 2 0 0 2 . 2 5 0 0 0 A - .  82671050E+0
A 2 0 0 1 .6 1 00 0 B •338A8289E+0
A 2 0 0 1 . 6 1 00 0 B - •  3A886908E+0
A 2 0 0 1 .6 1 0 0 0 6 • 2013 81 88E + 0
A 2 0 0 1 .6 1 0 0 0 B - • 187Q8568E+0
A 2 0 0 1 . 6 1 0 00 B - . 1 8 1 9 2 1 58E+0
A 2 1 0 2 . 2 3 00 0 A • 1OOOOOOOE +0
A 2 1 0 2 . 2 3 0 0 0 A - .95776698E+G
A 2 1 0 2 . 2 3 0 0 0 A • 2 A86A500E+0
A 2 1 0 2 . 2 3 0 0 0 A - .89200Q0GE+0
A 2 1 0 2 . 2 3 0 0 0 A - . 31 4A1 19 8E +0
B 1 0 0 7 . 6 6 0 0 0 A .85787321E-G
B 1 0 0 7 .6 60 00 A - •  2879A923E+0
B 1 0 0 7 . 6 6 00 0 A • 2 5 03 G349E-0
B 1 0 0 7 . 6 6 00 0 A - • 265A6649E+0
B 1 0 0 7 . 6 6 0 0 0 A - . 2A985783E+0
B 1 0 0 5 . 6 7 00 0 B 0.
B 1 0 0 5 .6 70 00 B - . 1 1 8055AAE+Q
B 1 0 0 5 . 6 7 0 0 0 B 0.
B 1 G 0 5 . 6 7 00 0 B 0.
B 1 0 0 5 . 6 7 0 0 0 B - .  118055A4E+C
B 2 0 0 2 . 25 0 00 A • 51A21659E+0
B 2 0 0 2 . 2 5 00 0 A - • 5 5 3 9 2 2 1 OE+O
B 2 0 0 2 . 2 5 0 0 0 A • 29A324A0E+0
B 2 0 0 2 . 25 0 00 A - , A06Q1573E+0
B 2 0 0 2 . 2 5 0 00 A - . 17733881E+01
B 2 0 0 1 . 6 1 0 0 0 B G.
B 2 0 0 1 . 6 1 0 00 B -  • 13606006E + 0
8 2 0 0 1 . 6 1 0 00 B 0.
B 2 0 0 1 . 6 1 0 0 0 B 0.
B 2 0 0 1 .6 10 00 B - . 13606006E+01
B 2 1 0 2 . 2 3 0 0 0 A • 2 8 8805 AOE +0
B 2 1 0 2 . 2 30 00 A - •317959A6E+01
B 2 1 0 2 . 2 3 0 00 A . AA790660E + 0
B 2 1 0 2 . 2 3 0 00 A - • 2091492GE+01
B 2 1 0 2 . 2 3 0 0 0 A - .  15360092E+01
B 2 1 0 1 . 57 0 00 B • 10000000E+01
B 2 I 0 1 .5 70 00 B - . 7 7 7 6 9 5 8 3 E + 0 1
B 2 1 0 1 . 5 7 0 0 0 B . 1232A500E + 01
B 2 I 0 1 .5 7 00 0 B A710G000E+Ci
B 2 1 0 1 . 5 7 0 0 0 B - .  A299A083E + 01
A 2 1 1 2 . 2 3 0 0 0 A .100000006+01
A 2 1 1 2 . 2 3 0 00 A - • 9 0 6 2 2 2 0 3 E + 0 1
A 2 1 1 2 .2 30 00 A • 2 486 A5 CCE + G1
A 2 1 1 2 . 2 3 0 0 0 A - • 89200000E +01
A 2 1 1 2 . 2 3 0 0 0 A - . 2 6 2 8 6 7 0 3 6 + 0 1
B 2 1 1 2 . 23 0 00 A • 27050599E+00
B 2 1 1 2 .2 3 00 0 A - . 2 2 5 0 2 7 3 2 E + 0 1
B 2 1 1 2 . 2 3 0 00 A • 150A03 92 E +00
B 2 1 1 2 .2 3 00 0 A - • 1A762395E+01
B 2 1 1 2 .2 3 00 0 A - • 9 2 4 A37 63 E +00
B 2 1 1 1 .5 70 00 B • 10000000E + 01
B 2 1 1 1 . 5 7 0 00 B -  • 674948 82 E +01
e 2 1 1 .5 70 00 B • 12 32 A 5 00 6 +01
B 2 i 1 1 .5 7 00 0 B - . 47 1Q0 000 E+ 01
B 2 1 1 1 . 57 000 B - . 3 2 7 1 9 3 8 2 6 + 0 1
the one-centre two-electron integrals may be produced from the appro­
priate charge distributions, it has been found more efficient and
accurate to calculate them by removing the spherical averaging from 
69
the Roothaan method.
The required one-electron integrals are produced in subroutines 
CALC1 and BAORAB for the two-centre species and subroutines ONEE and 
SPLIT for the one-centre species. The first two subroutines are essen­
tially simple versions of subroutines NORMS and BN; subroutine ONEE
reproduces the one-electron one-centre formalism of Roathaan and 
69
Bagus , subroutine SPLIT calculates the split nuclear attraction
183
integral, by the method suggested by Wahl et al. with the Clebsch- 
Gordon coefficients redefined to comply with the convention used here. 
The integrals are listed in Table II . The basis set used by Hurley 
is given by the program as:
OUTPUT OF DATA PROGRAM INTGLS 
INTERNUCLEAR DISTANCE * 2*13190  (AU>
INTEGRATION POINTS * 20 
NUMBERS OF TERMS * 20 (11)  
BASIS FUNCTIONS
c N1 LI Ml ZETA1
A 1 0 0 7 .6 60 00
B 1 0 0 5 .6 70 00
A 2 0 0 2 . 25 0 00
B 2 0 0 1 .6 1 00 0
A 2 1 0 2 . 2 3 0 00
B 2 1 0 1 . 57 000
A 2 1 1 2 .2 3 00 0
B 2 1 1 1 .5 70 00
CHAPTER V Construction of the Supermatrices
In constructing the SCF Hamiltonian matrices the most diffi­
cult problem is the processing of the two-electron integrals evalu­
ated over the primitive basis functions* For a basis set of length N,
the number of possible integrals is in general greater than 
1 ^
|n (N+1)(N~+N+2) if more than one symmetry species is present*Each 
integral must be addressed from its normally slow storage location 
to its appropriate position in the SCF Hamiltonian matrix, where, from 
equations (90-93)
P p q  “  <PlHl l >  +S Na S  2 (2" 6rs)ciXrCiA8 (pq|rs) (25?)
iX Xr Xs
and (pqjrs) represents a sum of 'Coulomb' and 'exchange' integrals, 
equations ( 90- 93). The situation is similar to that in going beyond 
the Hartree-Fock level, for example in performing configuration inter­
action calculations, where it is common practice to use the transfor­
mation
< i j | k O  = 2 ]  CipCjqCkrCes <Pllrs>  (258)
p,q,r,s
20,218-225
taking advantage of the orthonorraal SCF orbital basis . Since
in equation (257) no difficulty is presented by the one-electron integrals 
which may reside in fast store, a convenient and efficient method of 
performing the multiplications in equation (257) must be found.
First, however, it is noted that the use of a symmetry adapted 
basis function set results in only integrals of the form
< x x | x x >  , < x x | n n >  . < M i | ^ >  ( 2 ™ )
being non-zero. Further, the number of unique non-zero integrals is
often considerably smaller than the number implied by the basis set
226 227-230
length . Techniques , such as the ‘complete non-redundant list'
16
method and modifications thereof used in the POLYATOM programs
J • 231-236 ,
and its adaptations have been developed to ensure that only
one of a set of symmetry related integrals is calculated.
In calculations on heteronuclear diatomic molecules using STO's 
it is generally a relatively simple and inexpensive matter to order 
a set of approximately “N(N+l) charge distributions, resulting in an 
ordered set of integrals. Further, the number of symmetrically equi­
valent integrals is severly limited being restricted to one-centre 
species which may be rapidly calculated; hence no serious disadvantage 
is incurred by calculating all integrals and using sequential access 
to external storage devices. Different considerations apply for homo- 
nuclear molecules and for the larger symmetrical molecules attainable
using Gaussian functions; in the former case a charge distribution
230
combination algorithm has been used whereas for the latter efficient
220,237
integral re-ordering algorithms have been developed . Rather than
re-order the lists of integrals, the Fock matrices may be constructed
directly from the integral lists without the intermediate step of
16,235,236,238
forming supermatrices . Using STO's the largest blocks of
information are naturally ordered in the form of charge distributions 
with the summed product of two of them forming a compact approximation 
to the required integral. In contrast, with Gaussian functions a rea­
sonable approximation to the same unknown integral requires a large 
number of integrals over Gaussian functions. The situation is much as 
if each integral over Gaussian functions represents the same term at 
an integration point in the STO approximation, without the possibility 
of performing the numerical quadrature; the incidence of symmetrically
equivalent integrals is therefore much greater.
An additional time-consuming feature, especially of earlier
programs, was that each integral was processed through a fourteen
16,182,239
branch series of conditional statements . More or less refined
techniques of reducing the number of conditional statements have been
238,240 
described more recently
In this program the two-electron integrals are formed into super­
matrices for several reasons. It is not always clear in an MO calcu­
lation what good starting vectors to use in the SCF procedure and it 
may be necessary to attempt a number of short calculations to find a 
reasonable set. It is then more convenient if the supermatrices need 
only be read from storage. Further, on the computer on which this sub­
program was developed a 24-hour turn around of submitted programs could 
only be guaranteed for calculations of less than two minutes. It was 
therefore advantageous to store as much data as possible in as refined 
a state as possible. Other considerations may apply on other computers.
In this chapter a description is given of the construction of 
the <P and ^  restricted Hartree-Fock and the ^ and JC spin-polarized 
Hartree-Fock supermatrices. Advantage is taken of the order of the 
integrals and the symmetries inherent in the supermatrices. Some com­
putational considerations of the handling of large lists of information 
are also given as a preliminary.
Data Handling by Computer
In a calculation employing a basis set of N(A) functions per 
symmetry species X the number of charge distributions of symmetry
classification jXX/> generated is
= (2-5-x )“N(X)(N(X)+l) (260)
A A. A, o <-
and the number of charge distributions of symmetry classification
, with X > p. is
NX|I = (261)
This information must be stored in as convenient a manner as possible 
for subsequent use. A decision must also be made as to the method 
adopted for the transfer of the information from slow storage to the 
computer's fast core store.Of the facilities available to a computer 
for information storage, disks, drums and magnetic tapes, each has 
advantages as well as restrictions on its mode of employment. In general, 
magnetic tapes are the slowest, allow only sequential access, and are 
often not used directly in a calculation. Their associated machinery 
is sensitive and susceptible to breakdown.
Disks and drums are more convenient than magnetic tapes with 
drums being operationally much faster than the other devices 
Also, though magnetic tape allows only sequential access, with disks 
and drums random access may be employed. In sequential mode, disks 
and drums merely usurp, disks not very efficiently, the role of magnetic 
tapes. The random mode of operation generally involves the construction 
of data files, of user determined length, consisting of information 
blocks of word length 2n where n=8 on the Telefunken TR 440. In the 
random mode an arbitrary record, may, after a search, be accessed; the 
address information of the record to be accessed must be determined 
by the program.
In the program to be described all information is stored 
sequentially; further, except for one array in each of the subprograms 
EEC and ACCALC, all arrays which are transferred to and from slow 
storage are of length 2n . In this connection, the method of storing 
the charge distributions is advantageous; with restrictions on the 
amount of disk and drum storage available it may be that magnetic
tapes have to be used directly in the formation of the integrals.
As no rewinding of the charge distribution storage areas is involved 
this may be done without difficulty. Mo changes in the program would 
be necessary.
These remarks have been kept general as applying to most com­
puters. More specific points such as assignment of channel numbers, 
naming and constructing files and storage areas, transferring data 
from tape to disk or drum etc., are computer specific points for which 
information must be sought in the relevant handbooks.
Transference of data from core store to disks or drums and the 
reverse is accomplished with WRITE and READ statements. In FORTRAN IV 
two methods are available, FORMATTED or UNFORMATTED. With the former 
each number is converted via generalized FORTRAN Library programs 
from its representation in the computer's working language into a 
number of fixed format, integer or floating point, expressed in ex­
ternal graphic representation. This is time-consuming, largely unneces­
sary, and results in a loss of accuracy. Preferable is the UNFORMATTED 
mode in which no representational conversion is made; further, block- 
transfer is then possible. Additional economies could be achieved by 
READ/WRITE subroutines in assembler code or, in FORTRAN IV EXTENDED, 
by using buffered IN- and OUTPUT; this has not been done.
Symmetries of Supermatrices
241
As opposed to the relativistic case , the restriction to a 
non-relativistic Hamiltonian, equation (68), means that all matrices 
are symmetrical as well as real. This results in a considerable com­
putational economy since only those elements on and below the main 
diagonal of the matrix or supermatrix need be calculated. These sytn-
raetry properties of the supermatrices are expressed by the following
„ . 207
permutations of indices
<pq|rs> = <qp|sr> = <sr|qp> = <rs|pq> = <pq|sr> = <qp|rs>
= <sr |qp >  = <rs |qp> 
where an element of a superinatrix is represented by <pq|rs^>. Equa­
tion (262) also applies to the individual integrals contributing to 
the supermatrices.
Diagram III
s
1101 X
1102 X X
1103 X X X
1201 X X
1202 X X X X
1203 X X X X X  X
1301 X X X
1302 X X X X X  X
1303 X X X X X  X X X X
The elements of the supermatrices to be calculated
are given by the relations p = q  , r ^ s  , p= r and q=s. Using these
relations it is clear that, since the supermatrices are symmetrical
207 242
for the independent exchanges p < > q and r <-> s * , all elements
must belong to one of the classes
(262)
I P41 QH/' p = q = r = s , or p = q = r / a
II <pq|pn> P = r £ q = s
III <Cppjrr]> p = q ^  r = s
IV <pq | rq> p £ r / q = s
V <Pq|rr> p / q ^  r = s (263)
VI <pq|qs> p / q = r f s
VII <pq|ps> p = r ^  q ^  s
VIII <pp |rs> p = q £ r / s
IX <pq|rs> p / q / r ^  s
Considering the supermatrix first, in the most general case, class
IX , the supermatrix element <pq|rs> is given by
U_ 1 M_ M M+
<pq|rs> = <pq | r s> - ^ < p r | q s >  - - <ps | qr> - - <pr | qs>+ - tt <ps | qr>+
» o H (264
where equations ( 73 ) and ( 76 ) have been used. The terms <Cpq|r!C> + 
refer to individual integrals which may be conveniently labelled accor­
ding to their dependence on the axial quantum number M as defined in 
Chapter III. The first term of equation (264) is the ^  supermatrix 
element as is clear from its definition, equation (73); the remaining 
four terras refer to the superraatrix. This type of matrix element only 
occurs if four or more functions are used to represent a symmetry spe­
cies.
For calculations on molecules possessing orbitals of symmetry 
species other than O' the supermatrices contain rectangular blocks, A > fl; 
the elements of the superraatrix then have the symmetry classification 
<AA|uU>, anc* those of the ^  superraatrix <CA[l|Ap.>. The Coulomb super­
matrix elements ,< XX clearly be addressed straightfor­
wardly and in the restricted case they can only contribute to the 
corresponding*P supermatrix element, which is written
The exchange supermatrix integrals, <CX|ijXp.!>— t may he of two 
types: l) p=q and/or r=s and 2) p/q , r/s . The contribution of a 
given integral to the relevant supermatrix elements is easily ob­
tained using equations (264,265). The constants required by the program
are given in Table III; the constants are essentially as given by
IB 2
McLean & Yoshimine
In addressing integrals to superraatrix elements for open-shell
or spin-polarized calculations a distinction must be drawn between the
contributions to the Coulomb and exchange superinatrices. Further, the
configuration constants equation (88) , in general dependent upon the
126
axial quantum number, must be assigned
From equations (264) and (265) it is seen that the supermatrices 
may be split into blocks labelled by the index p , and that no integral 
contributes to a supermatrix element in a different p-block. Within a 
triangular block of the supermatrices, <CX\|XX> elements, the exchange 
and Coulomb supermatrices are constructed from the same integrals.
In the spin-polarized case, no further addressing of the ^  supermatrix 
elements is required; but for the and OT supermatrices the
<Cpq|rs>j integrals contribute to the <pq|rs> , <pr|qs> and 
<ps|qr> locations when p/q/r/s . Two supermatrix locations are ac­
cessed by integrals for which p=q, q^r, or r=s ; integrals for which 
p=q=r or q=r=s contribute to only one sup&rmatrix element. The super­
matrix locations accessed by an integral <Cpq | rs , p > q  , are further 
restricted, in a p-block, to the row labelled pq and the columns rs , 
with r=q hnd s = r  . Within this area of a p-block the integrals <j)r | qs>
Table III
A Constants for molecular closed-shell calculation:
Plus (l,l,l) = -0.25 
Plus (1,1,2) = -0.125 
Plus (1,2,1) = 0.0
Plus (2,1,1) = -0.5 
Plus (2,1,2) = -0.25 
Plus (2,2,l) = 0.0
Plus (1,2.2) = -0.125 Plus (2,2,2) =» -0.25
Plus (3,1,1) = 1.0 Plus (4,1,1) = 0.75
Plus (3,1,2) = 1.0 Plus (4,1,2) = 0.875
Plus (3,2,1) = 0.0 Plus (4,2,1) = 0.0
Plus (3,2,2) = 0.0 Plus (4,2,2) = -0.125
Constants for molecular spin-polarized calculation
Plus (1,1,1) = 0.5 Plus (2,1,1) = 1.0
Plus (1,1,2) * 0.25 Plus (2,1,2) = 0.5
Plus (1,2,1) = 0.0 Plus (2,2,1) = 0.0
Plus (1,2,2) = 0.25 Plus (2,2,2) = 0.5
Plus (3,1,1) = 0.0 Plus (4,1,1) = 0.5
Plus (3,1,2) = 0.0 Plus (4 ,1,2) = 0.25
Plus (3,2,1) = 0.0 Plus (4,2,1) = 0.0
Plus (3,2,2) = 0.0 Plus (4 ,2,2) = 0.25
For Restricted Hartree-Fock open-shell calculations the constants 
in Table III A are multiplied by the constants listed by Huo for 
(m,m') symmetry. With two open-shells her constants for (m,m') 
symmetry are used if they are non-zero; zero constants are not 
used.
with labels determined by p, r=(p-2), q, s = r  define an r X r array 
with 'diagonal' elements <pr|qr> . These 'diagonal' elements access 
one other location, namely <Cpqjrr^> , whereas the 'off-diagonal' ele­
ments <!pr|qs> access the corresponding location across the 'main 
diagonal' of this array, <Cpsjqr^> , as well as the locations <Cpq|rs>. 
Finally, the r X r  array is increased to a q x q  array by the column in­
tegrals ^prjqq^ and the row integrals <CpqJqr]> with' r < q  which con­
tribute to each others' supermatrix element. The last diagonal element 
integral the q Xq array defines its own supermatrix
element. Integrals with p=q access supermatrix locations with indices 
r = (p-l), s =r corresponding to elements along the final row of a p- 
block and the p-block triangular part excluding elements with p^q^r, 
s = r  . Integrals indexed by this last relation define their own super­
matrix elements.
Use of these relations allows the development of an efficient 
algorithm for the addressing of integrals of symmetry classification 
<XX| X X >  to the appropriate superraatrix locations. Two conditions 
must, however, be satisfied. First that the integrals be in the order 
in which they occur along a supermatrix row and second, that all inte­
grals occurring in a p-block be present in core store. In the present 
version of the algorithm, zero elements are also required to be stored; 
this condition could perhaps be removed.
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As is well known * the row number of the two label pair pq
is given by I=p(p-l)/2+q and the column number of the label pair rs
is J=r(r-l)/2+s . The position of an integral <pq|rs> in a continu-
"til
ous list is therefore l(l+l)/2+J and its position in the q row of a 
p-block is given by J+q(q+l)/2 .Thus,in addressing the contributions 
of integrals to supermatrix <XXjXX>locations all that is necessary is 
to count along a pq row in a p-block until the element <pq jqq> »P = q, at
which point all elements in the rectangle defined by this integral and 
the first p-block row are completed supermatrix elements.The individual 
integrals are identified by their position in the list, addresses of 
elements to be accessed may be computed and each integral accessed 
from a given address contributes to that address. The requirement that 
complete p-blocks reside in core store is necessary since integrals in 
each row access addresses in the first row. This restricts the maximum 
size of p-block possible and hence the basis set size. This is however, 
only significant for tf-symmetry basis AO' s .
The addressing of integrals to the <CA\||l|l]> rectangular parts 
of the supermatrix is done separately. Formed in lists in the order in 
which they occur along rows of Diagram I , integrals of symmetry classi 
fication <CAX correspond to Coulomb supermatrix elements and re­
quire no additional addressing.
Integrals of symmetry classification , whether indexed
as <pr|qs]> or <Cps|qr]> , always contribute the same proportion to 
a supermatrix element, equation (265). Thus, in forming the ordered 
integral lists each 'integral' in the list may be stored as ~(<Cpr|qs> + 
<Cpsjqr^>) . The charge distributions for integrals of this symmetry 
classification are in the order given by the index column in Diagram III 
The integrals <Cpr|qs> are formed along rows of the triangles marked 
with x in Diagram III , where, in a row of triangles, each triangle is 
completed before starting on the next in the row. Each triangle in 
Diagram III taken in this order corresponds to a <pq|rs> row in the 
rectangular part of the supermatrix in Diagram I . In the triangles 
on the main diagonal of Diagram III all integrals are of the form 
<prjps> whereas elements along the hypdtoneuses of the off-diagonal 
triangles are indexed <pr|qr> . In the off-diagonal rectangles in 
Diagram III the blank spaces correspond to unique integrals with in­
Idices <ps|rq> ; they are formed from different combinations of the 
same charge distributions as the <Cpr|qs> integrals. Thus, on com­
pletion of this procedure, which is performed by subroutine C0MB02 in 
program SMAT , exchange supermatrix rows have been formed in the re­
quired order. Multiplication of the exchange supermatrix elements by 
the necessary constants and addition with the Coulomb supermatrix 
elements to produce the and Q  supermatrices is performed by sub­
routine AUFBAU. This subroutine also produces the <CXA| rows of all 
supermatrices as continuous series of numbers.
The supermatrix elements produced from the integrals given in 
Table I are given in Table IV .
Program Description; Integral Formation and Supermatrix Construction
The program SMAT to construct the supermatrices is given in the 
listing as a subroutine although, if required it may be used as a 
separate program. In this case the data required is the AO information 
used in program INTGLS together with IPOINT, MOtt and R the internuclear 
distance, all with the same FORMAT as used previously.
Throughout the program the integrals are stored as ordered lists, 
the supermatrices being formed as a final step. This arrangement should 
prove of assistance in making the program compatible with published 
procedures for performing Cl calculations. Flowchart II is given for 
the master program of SMAT.
The MASTER program reads in the required data, simultaneously 
redefining the matrix ISYMA to be uni tv for a centre A function and
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No
Yes
For SPHF: |l ;,M41=M21MIN,M21MAX
CALL COMBO 1; form < \ \ | ^ >
Yes
No
The essential features of SUBROUTINE SMAT
END
ISP=1
IILIM=1 IILIM=2
REWIND 11
CALL SIGNS
M21MAX=M11-1
X ;MlL=M11MIN,Ml1MAX
For SPHF: ISP=ISP+1
REWIND 16 if IOPEN/l
CALL COMBOl ;f orm < A A | X A >
CALL COMBO2;form <Xp.|X(JL>
CALL PFORM; address < A A | A A >
For RHF: |I ;M31=M21MIN,M21MAX
CALL SIGNS; (determine M )
For SPHF: \jl ;M41=M21MIN,M21MAX
CALL PONE; insert one-centre < A A | A X >
CALL AUFBAU;form supermatrix blocks
CALL PONE; insert one-centre <CX|l|X[l/>
CALL PONE; insert one-centre <CAA|
Set configuration constants 
PLUS
where SPHF and RHF refer to spin-polarized 
Flowchart II and conventional calculations respectively.
-i for a contra II function, and controls the calling sequence of t lie 
subroutines. As given the program assumes a complete supermatrix is 
required to be constructed. It is a trivial matter to insert statements 
in the MASTER program to produce a different sequence of events. In 
outline, for a given symmetry species X , the superraatrix triangular 
elements <^XX|XX]> fire constructed first, then the rectangular elements 
<XX||I|1>. The same input/output channels are employed in this program 
as in program INTGLS. The input/output channel, unit 11, is used 
to hold the completed superraatrix. Flowchart II is given for the sub­
routine calling sequence; subroutine DROP IT which prints out the forraeri 
integrals is rarely of use. The array OPENC holds the constants required 
for formation of the triangular parts of the supermatrices; the array is 
defined large enough to hold the coefficients required for open-shell 
calculations.
Subroutine LIMITS
This subroutine determines the addresses of the one-centre 
charge distributions and the length of the charge distribution infor­
mation field. The loop counters N and NN run through all functions of 
a pair of symmetry species. On encountering a one-centre function pair 
the address is stored in the array ONCE as 100N+NN . The location of 
a sequence of one-centre addresses in this array is held in the array 
IONCE. The total number of one-centre function pairs allows the charge 
distribution field length for a pair* of symmetry species to be deter­
mined exactly. This information is stored in the array IN1JM »
Subroutine COMBO t
All integrals between charge distribution of symmetry species 
|ram^ > are formed in this subroutine. \t each integration point, all terms
of all charge distributions are read into the central processor unit 
(CPU).This , in the present version of the program provides a limit on the 
number of charge distributions that may be used.The charge distributions 
could be stored in such a way as to have only a certain number of terras of 
all charge distributions in a read-in block and several read operations 
could then be performed at each integration point. Nevertheless, a 29 0 
basis function set using 40 terms for each' charge distribution fits 
into the 24576 storage locations allotted in the common block STORE.
The remaining 8192 locations in this common block are reserved for 
charge distributions of symmetry X when integrals <XX|[i|l> are to be 
formed. If advantage is taken of the smaller number of terms required 
for bicentric charge distributions larger basis sets may he accommodated.
The first steps in the subroutine determine the information 
necessary for the input/output procedures. Thus IP and JP determine 
the number of reads required to bring in all terras of all charge distri­
butions of symmetry species |I (variable M2l) and X (variable Mil) respec­
tively. JLIM gives the number of integrals that are to be calculated 
which corresponds to JJP reads of blocks of 8192 and JTOP reads of 
blocks of 24576. The matrix S which holds the sums of charge distribu­
tion products, the integrals at the end of the subroutine, is zeroized 
and 8192 ^  JJP + 24576 $ JTOP zeroes are written onto channel 13.
If less than 24576 integrals are to be calculated the integrals are 
only written onto backing store at the end of the subroutine.
The loop counter LG runs through all the integration points; 
in the read/write mode of operation, sums of charge distribution pro­
ducts are read from channel 13 end written onto channel 12 for LG odd 
and vice-versa for LG even. The charge distributions of symmetry p. are 
read by subroutine CDR. For degenerate symmetry species the and M+
|L(i=JL...... IPO INTI
f F ^ w i n T ’i Y ^ r i
r _______________________ ___
I CALI. CDR; read charge distributions m n
< m m u > Yes
No
{CALL C1DR;read charge distributions
K«T(1)=ML 
1(J ( 2) -MT
T r f c f T O l N , .T.T'.'TNimr
llCTYP=JTYPE( N )l 
iNNIlj A)=N|
f q 7 ' lN=NMIN'77.". .  |
r ITYP=KTYP+J TYPE (ifTTl
In n l Ia .n U T nI
Determine number oi‘ terms in 
charge distribution |pq^>:J2
livK( 1 )-0 ; K K ( 2 ) ~ 8 192]
InnhL nniiTO
-t f t " ' f a y \?a ^ r r r . T :  ttnttt
li;m>=JTYi>ETNNT1 
1JNIII =NNL ( M-. NN )|
-fs; JN =\NrMIN, . . . . , JNII.I
JTYP=LTYP+JTYPE( (.TNT!
Determine numher of terms in 
charge distribution |rs]>:K2
M0HE=ifIN(J2 , K2T|
If1)!.,ZliL.i> jKKf n.) =K)C( IL) +M0R( 1} -IjSM.1 ( ri,)Ye g
Form integral <^pqlr1T>]
KK( IL)=KK( IL) +K2-LSMIflTTl
z ^ r ~ -
Flowchart III
Subroutine COMBO L : format ion of <CXX|XX^>,<CXX
i n tegra1s.
blocks are read separately in blocks of length 4096 with a maximum of 
two reads for each M value. The M_ charge distributions occupy the first 
8192 locations of P , those of M+ the next 8192 locations.
If ^XXljip,^ integrals are to be formed the X symmetry charge 
distributions are read by subroutine C1DR; for degenerate symmetry 
species only M_ charge distributions are required in this subroutine 
for integrals of this type. In producing integrals of the type <[XX|XX^> 
for degenerate species the M_ integral is formed before the M+ integral 
for a basis functions combination.
The integrals formed are stored continuously in the array S, the 
normal supermatrix order being adopted. The particular charge distri­
butions are labelled by the loop counters (N,IN),(NN,JN) which represent 
(p,q) and (r,s) respectively. The upper limits required by the counters 
NN and JN, which are dependent on the integral symmetry species are 
held in the arrays NNII and NNL respectively. The basis function centres 
for the (p,q) charge distribution is given by the variable ITYP; JTYP 
performs the same task for the (r,s) charge distribution and for the 
integral (p,q,r,s'l. ITYP and the first definition of JTYP take the value 
-2 for BB, 0 for AB, and 2 for AA centred basis function combinations, 
and serve to determine the number of terms required to form the integral 
Fhe later definition of JTYP takes the values + 1 for one-centre integral 
which are not calculated in this subroutine, and zero for others. The 
counter through the (p,q^ charge distribution field is held in the array
KJ , that for the (r,s) charge distribution in KK; their values are 
adjusted before integrals between new charge distributions are to be 
formed. Should more than 24576 integrals be formed they are written 
onto backing store in blocks of this size, an account of the number 
of such writes being kept by the variable 1G’. In general, the final
writing onto hacking store occurs for less than this number of inte­
grals; in this case the integrals are written on in blocks of length 
8192. It may well be more efficient to dispense with this complication 
and to write all blocks of integrals in a standard length, accepting 
that the final block may contain only one integral. As a result of 
avoiding this possibility, the subroutines PIN and POUT are used to 
input and output blocks of sums of charge distribution products. On 
completion of this subroutine, since only even numbers of integration 
points are used, the integrals reside on backing store accessed by 
channel 13. Flowchart Ilf is given for this subroutine.
Subroutine COMBO 2
This subroutine produces all integrals required to be formed 
from charge distributions of symmetry species |mm']>. The preliminary 
statements compute the input/output parameters as in COMBO 1. Thus, 
the variable IP determines the number of reads of blocks of 8192 required 
to introduce the charge distribution field into the CPU. KLMT records 
the number of integrals to be formed, occupying JP blocks of 8192 and 
JTOP blocks of 2-1570; LI.IM represents the number of charge distri­
butions and corresponds to the number of integrals in a supermatrix 
row of symmetry species In the read/write mode the backing
store units 12 and .13, together with subroutines PIN and POUT are used 
as in COMBO I ; charge distribution input is performed by subroutine 
CDR. The charge distribution field length is required to be not greater
than 8192.
An integral of the form r^| q^s^]> is represented in the
subroutine by loop counters as <ClN,INN,JN,JNN]> ; the integrals are 
formed as <  IN, INN, IN, JNN >  , <  IN, INN, JNT, INN >  , <  IN , TNN, IN , INN >  or
|LG=1,....,IPOINTj
Rewind 12,13;Read 12 or 13 
as required_________________
p. ;IN=NMIN,....,NMAX A
Il( 0  =ICK( 1)=JNUM( IN, 1) 
II(2)=KK(2)=JNDM(IN,2)
KTYP=JTYPE( IN)
q ;JN=NMIN,....,IN 
A
Jj(1)=JK(1)=JNUM(JN,I) 
JJ(2)=JK(2)=JNUKl(JN,2)
i t y p =j t y p e (j n T
^ 7 LLL+LLIM»MTIMES) >24576 ? > Yes
No
Write on S on 12 or 13 
LLL=0
Read S from 13 or 12
K K ( Q  =Il(1) ;KK(2) =11 (2)| 
|jU).fP=l
<IN=JN ? >
Yes
JjUMP=2t
No
|XY=FL0AT (JUMP) / 2\
r ;INN=NNL0 ,NNHI
mUm
III(l)=Il(l);III(2)=Il(2) 
KJ(1)=JJ(1);KJ(2)=JJ(2)
LTYP=JTYPE(INN) |
su ;JNN=NNLO,   INN
JTYP=JTYPE(JNN)j
{MTYP=KTYP+LTYP,
Determine number of terms for
charge distribution pr =M0RE,K2
1
|NTYP=ITYP+JTYP
_ 1
Determine number of terms for
charge distribution =M0RE,J2
IKfI)=KK(1);IK(2)=KK(2) 
IJK(1)=KJ(1)+J2-LSM1(1) 
IJKf 2) =KJ(2) +J2-LSM1 (2)
©  ©  CD Flowchart IV Subroutine COMBO 2
I® © ©
((NTYP+MTYP)/4=0 ? >
Yes
one-centre integral 
LLL=LLL+1 
adjust IK(l),(2),IIl(l),(2)
<INN=JNN ? >
Yes -|lJUMP=U
No
iijum>=0l
< x x > i  ? > Yes
No 
|XX=0.5)
|LLK=LLL[
IJIMP=IJUMP+1
Form integral]
<JUMP+IJUMP > 3  ? >
Yes
No
MTYP=KTYP+JTYP
Determine number of terms for 
charge distribution |ps]> =M0UE,K2
1NTYP=ITYP+LTYP|
Determine number of terras for 
charge distribution |qr^>-MORE, J2
IK(1)=IIl(1);IK(2)=111(2)
KJ(i)=JK(1); KJ (2 ^ =JK(2)
i i i (i )=i i i (iW k 2-l s m i (k )
III(2)=TII(2)+K2-LSM2(K)
|KJ (1) =IJK (11 ; KJ (2) =IJK (2)1
JK(1)=KJ(1);JK(2)=KJ(2\ 
10C( 1 )  =KK( 1 ) +K2-LSM1 (1) 
Kl( (2 U K K  (2) + K2-LSMt (2)
JNUM(IN+l,l)=KK(l)
JNUMf IN+1. 2^ =KI(( 2)
FIowchart IV continued; Subroutine COMBO 2
i/2 [<IN, INN,J N ,JNN> +  < IN , JNN, JN, INN>} in the order <IN, JN, INN, JNN>. 
Two variables are required to determine the position of a charge distri­
bution within the charge distribution field: the values held in the 
arrays II and KK are used for |pr> , those in JJ and JK for |qs>.The 
values held in these arrays are taken from those in the array JNUM 
which are computed in the subroutine. This array has adopted the func­
tion originally allotted to the array INUM calculated in subroutine 
LIMITS.
The centres with which the basis functions are associated are 
represented by the variables KTYP, ITYP, LTYP and JTYP which combine 
to form MTYP and NTYP in order to determine the number of terms required 
to produce an accurate integral of the f orra <pr |qs]> . If IN=JN the 
variable JUMP takes the value two, otherwise unity; the same values 
are given to IJUMP for the same relationships between INN and JNN.Thus, 
if the sura JUMP+IJUMP= 3  all integrals required have been formed; if 
this is not the case the integral <CIN,JNN,J N ,I N N i s  to be formed.
The variables MTYP and NTYP are then redefined to determine the number 
of terras required to form < p s | q r > .  If however, the sura MTYP+NTYP 
determines a one-centre integral the appropriate charge distribution 
counters are adjusted and the program proceeds to the next charge distri­
bution.
In forming the integrals <Cpr|qs]> the counter IK runs through 
the terms of the charge distribution |pr]> and KJ through those of |qs]> ; 
the array IJK holds the values for KJ that would obtain if all terms
of the charge distribution |qs^> were to be used in forming the .integral. 
The elements of KJ are set to these values, DO 230 loop, at each change 
of JNN. For integrals of the above type the counter IK always starts 
with the values held in KK; these values are adjusted, DO 250 loop, at
each change of INN.
If integrals of the type < p s | q r >  are to he formed, the counter 
IK takes the values held by III corresponding to the starting position 
of the |ps> charge distribution and III is adjusted to hold the values 
required to include all terras of this charge distribution. To form this 
integral control is transferred to the statement labelled 150 increasing 
IJUMP by unity; the counter LLL determining the location of the integral 
in the array S is reset and the procedure continues as for the <Cpr|qs> 
integral. The values held by JK are adjusted in the DO 230 and DO 250 
loops; this need only be done for each change in INN. The essential 
features of this subroutine are given in Flowchart IV.
Subroutine PONE
The addresses computed in subroutine LIMITS and held in the array 
ONCE are used by this subroutine to insert one-centre two-electron inte­
grals into the ordered lists produced by subroutines COMBO 1 and COMBO 2. 
Two loop counters, I and J, running through the appropriate sequence 
of addresses suffice, together with the loop counter L for degenerate 
symmetry species, to determine all the information necessary to calculate 
and insert the required integrals. The subroutines and functions used 
to calculate these integrals are ONECEN, TWOE, C, V, and W C .  In this 
subroutine the integral lists are written onto backing store as re­
quired by the type of calculation being performed, see Tables and 
The backing store channel number usage lor open-shell calculations is 
the same in this subroutine as for closed-shell calculations. The inte­
gral lists are written in blocks of 8192 by subroutine POUT, but are 
read in blocks of length 24576 or 8192.
Subroutine PFOUM
This subroutine is concerned exclusively wiUi the triangular
Subroutine uses channels with results on channel
COMBO 1 12 and 13 13
COMBO 2 12 and 13 13
PONE Reads 13 12 for < A X | X \ >  9 <\p.|\p.> 
18 for
PFORM Reads 12 11 for < 0 0 | 0 0 >
16 f o r < tcte|titc>, < 6 6 | 6 6 >
AUFBAU 1) Read 18 <117100 >  
Read 12<TtOTi:o> 
Read 16 <TlTt7lTl>
11
2) Read 1 8 < 6 6 0 0 >  
Read 12< 5o 6o >
17
3) Read 18<66llTl>
Read 12<6Tl6Tl>
Read 16<6666]>
Read 17 « 66oo>,<6o6o »
11
TABLE V  Plan of backing store channel number usage for
Restricted Hartree-Fock closed-shell calculations.
Subroutine uses channels with results on channel
COMBO 1 12 and 13 13
COMBO 2 12 and 13 13
PONE Reads 13 11 for ^.<00|00>
12 for X<oo|oo> ,<Ttii|7iTi>, <66|66> ,< ti:o|7t;o>,<67i |67X>
16 for ^<mi|TC7l>, <86|66>
17 for ^<65|oo> and for %c6o|6o>
18 for Jkrrn:|oo>, <66|tctc>
PFORM Reads 12 11 for X<oo|oo>
16 for <66|66>
AUFBAU ^ R e a d s  18,16 
Reads 12,16 
Reads 16,17,18 
S ^ R e a d s  12,16,17
11
11
n
TABLE VI Plan of backing store channel number usage for \ 
Spin-polarized Hartree-Fock calculations.
areas of the supermatrix, its function being to address the 'exchange' 
contributions integrals make to the supermatrix elements. The multipli­
cation constants required by PFORM are held in the array PLUS, Table III
with the advantage that, when required, open-shell coupling constants 
may be inserted. The address labels are computed automatically through­
out with the use of only one conditional statement for eacli p, and two 
f or each q value *
The first two p-blocks of a symmetry species are addressed 
separately in PFORM; this is more efficient than including conditional 
statements in the main body of the subroutine. The addressing pro­
cedure proper starts with the JP loop, JP corresponding to the label 
p in the integral < p q | r s > .  The variable ICOUNT indicates the number 
of elements present in the matrix P which have already been addressed.
If the expected number of integrals for a given index p overstep the 
boundaries of the array P, sufficient of the ICOUNT supermatrix elements 
are written on to backing store by subroutine PWR2 to allow a full p- 
block of integrals to fit into P. The variable ICOUNT is adjusted to
correspond to the new situation. The variable IROW gives the number
"fcll
of elements which occurred in the last row of the (p-l) -block. The 
loop counter IP enumerates q up to (p-l) ; for the first value of IP 
the corresponding integral, “C p q j q q ^  , may be addressed immediately. 
Subsequent values of IP first address the integrals <pq|ll!> , < p l | q l >  , 
then, for r >2 , integrals with p^q^r= s are addressed. If r < 2  the 
last step is omitted proceeding straight to the next stage, the ad­
dressing of the q=r = s integrals. Finally, the integrals p=q are ad­
dressed and the procedure steps to the next p-block. To address the 
integrals of degenerate symmetry groups each of the preceeding steps 
is performed twice before proceeding to the next stage. At the end of 
the subroutine the integrals thus still have the original order M__,M+ .
When the o'-triangle of the supermatrix is completed the inte­
grals occur consecutively and may he written on to the supermatrix 
backing store, channel 11, Integrals belonging to degenerate symmetry 
species are written onto channel 16.
Subroutine AUFBAU
This subroutine puts together the integral lists formed in the 
previous subroutines into a form suitable for use by the SCF program.
The superraatrix resides on channel 11 in blocks of 8192 continuously 
stored integrals, including zero integrals, each change of the symmetry 
species A where ASji starting a new block. As shown in Tables V, VI the 
subroutine performs three variations of the same function. Integrals 
of symmetry type <mraIm'ra'^ and <Cram' |mra'!> are added together multi­
plied by the required factor. This is performed after label 90 by the 
DO 120 and DO 170 loops if the number of integrals, NHI, in a row would 
overstep the limits of the array S and by the DO 170 loop if this is 
not the case. The variables JJJ and LLL count through the <Cmra|m'm']> 
and <Crara'|mm'^> integrals respectively. For both TC and 6 symmetry 
integrals the DO 200 loop inserts the <rarijium]> integrals into the 
array S.
When the integrals to be inserted into S are of 6o symmetry 
this function is performed by the DO 60 and DO 80 loops if the number 
of elements to be inserted could overstep the S array limits, and by 
the DO 80 loop when not. Throughout the subroutine the integral counters 
take the starting values held in the array LL. The values held in this 
array are defined as
LL(l) : integral counter in the superinatrix array 8
LL(2) : integral counter for the sum «65|00> - ^ < 6 o | 6 o »
14.(3) : integral counter <mra' |rara'> type
LI.(4) : integral counter <mra|ra'm'^> type
LI.(5) : integral counter <mm|ram]> type
The results after completion of the subroutine reside on backing store 
accessed by the channel numbers given in Tables V,VI.
The final result after subroutine AUFBAU has been called is 
dependent upon the type of calculation being performed. Thus, in a 
Restricted H-F calculation the (P and ^  supermatrices are produced. If 
the calculation includes orbitals of 6 symmetry the first call of sub­
routine AUFBAU for this symmetry produces t h e s u p e r m a t r i x  sum 
<  66J 00>  - ^ <6o|6o>  on channel 17. If the calculation is of open- 
shell type with open o and 6 shells, the required Cfy contribution is 
then constructed and written onto channel 17 after the contribution. 
The second call of AUFBAU produces the final supermatrix on channel 
11 followed by the supermatrix. The program is at present restricted 
to considering open 0 shells with open TC or 6; for open o and open 6 
shells the 6o elements are followed immediately by the 66 contributions.
In the case of spin-polarized calculations AUFBAU is called 
twice when TC or 6 symmetry is present. The first call produces the ^ 
supermatrix, the second the VC residing consecutively on channel 11.
This subroutine is not employed for 0 symmetry contributions to super- 
matrices.
CHAPTER VI Test Calculations and Suggestions for Future Work
Calculations on CO and NiO
Table VII gives the results of the calculation on the ground
state of CO using the Jacobi diagonalization procedure, Table VIII
the results using the Roothaan-Bagus method. As expected the total
energy and orbital energies are identical to within the required
accuracy, but the eigenvectors are different. The calculations were
137
performed using the minimal basis set given by Hurley ' at an inter-
nuclear distance of 2.1319a.11. ; with the inclusion of Cl Hurley
250
obtained a total energy of -112.4385 whereas Huo ' with an extended
basis set fully optimized obtained -112.7858. Table IX gives the
results of a spin-polarized calculation, using the same minimal basis 
3 . 1 4 1 x
set, on the a T7(5o ITT 2k  ) excited state of CO at the experimental 
internuclear distance of 2.2853 bohr; for this state, Huo obtained 
a total energy of -112.5742, again with an optimized extended basis 
set.
Attempts to perform a conventional open-shell calculation 
3
on a FT state with Hurley's basis set were not successful. The 
difficulty appears to be that the F^ and F^ 'supervectors', equa­
tions (90,9l) are very dissimilar and the fifth eigenvector of Fr 
is always in the continuum. The errata must be consulted for the 
coding used for producing F^ and F^ ; when used on atoms F^ and
F were almost identical. Further work remains to be done on this 
o
part of the program.
In performing the calculations on diatomic NiO the experi-
251
mental internuclear distance, 3.938 bohr was chosen with Watson's
= 0 15
basis set for 0 , Roetti and dementi's" basis set was used for
SC F THRESHOLD .000000238
TOTAL ENERGY * -. 11232764244E + 03
1SIGMA ORBITAL ENERGY *-.208040954401E+02
N L C EXPONENT COEFFICIENTS
1 0 A 7.66000 .9967856
1 0 B 5.67000 .0001505
2 0 A 2.25000 .0168007
2 0 B 1.61000 -.0059101
2 1 A 2.23000 .0050890
2 1 B 1.57000 -. 0052953
VECTOR(S ) CONVERGED TO WITHIN .1190000E-06
2SIGMA ORBITAL
N L C 
1 0 A
1 0 B
2 0 A 
2 0 B 
2 1 A 
2 1 B
ENERGY 114394499890E+02 
EXPONENT COEFFICIENTS
7.66000 
5.67000 
2.25000 
1.61000 
2.23000 
1.57000
-.0003033 
.9973 099 
-.0044385 
.0139410 
-.0002839 
.0051656
VECTOR(S) CONVERGED TO WITHIN • 1190000E-06
3SIGMA ORBITAL ENERGY «-.153154058149E+01
N L c EXPONENT COEFFICIENTS
1 0 A 7.66000 .2121290
1 0 B 5.67000 .1141327
2 0 A 2.25000 -.7675674
2 0 B 1.61000 -.2259674
2 1 A 2.23000 -.2376059
2 1 B 1.57000 -.1566075
V E CTOR(S ) CONVERGED TO WITHIN .1190000E-06
4SIGMA ORBITAL ENERGY «-.753296688949E+00
N L C EXPONENT COEFFICIENTS
1 0 A 7.66000 .1235515
1 0 B 5.67000 -.1458003
2 0 A 2.25000 -.6523443
2 0 B 1.61000 .5363231
2 1 A 2.23000 .6364220
2 1 B 1.57000 .0598349
VECTOR(S ) CONVERGED TO WITHIN .1190000E-06 
5SIGMA ORBITAL ENERGY *-.505169765006E+00
N L C EXPONENT COEFFICIENTS
1 0 A 7.66000 -.0018135
1 0 B 5.67000 .1360721
2 0 A 2.25000 -.0409739
2 0 B 1.61000 -.7615582
2 1 A 2.23000 .4499425
2 1 B 1.57000 .5620156
VECTOR(S) CONVERGED TO WITHIN .1190000E-06
2 PI ORBITAL ENERGY *-.610548789340E+00 
N L C EXPONENT COEFFICIENTS 
2 1 A 2.23000 .7710341
2 1 B 1.57000 .4615110
VECTOR(S) CONVERGED TO WITHIN .1190000E-06 
KINETIC ENERGY POTENTIAL ENERGY VIRIAL THEOREM
.111428995904E+03 -.22375663834 6 E+0 3 -.2008 064 74569E+01
SCF THRESHOLD .000000238
TOTAL ENERGY « -.11232764233E+Q3
1SIGMA ORBITAL ENERGY *-.208040953297E+02
N L c EXPONENT COEFFICIENTS
1 0 A 7.66000 .9967856
1 0 B 5.67000 .0001505
2 0 A 2.25000 .0168007
2 0 B 1.61000 -.0059101
2 1 A 2.23000 .0050890
2 1 B 1.57000 -.0052953
VECTOR(S) CONVERGED TO WITHIN .1190G00E-06 
2SIGHA ORBITAL ENERGY *-.114394500842E+02
N L c EXPONENT COEFFICIENTS
1 0 A 7.66000 -.0003033
1 0 B 5.67000 .9971099
2 0 A 2.25000 -.0044385
2 0 B 1.61000 .0139411
2 1 A 2.23000 -.0002839
2 1 B 1.57000 .0051656
VECTOR(S) CONVERGED TO WITHIN .1190000E-06 
3SIGMA ORBITAL ENERGY 153154058424E+01
N L C EXPONENT COEFFICIENTS
1 0 A 7.66000 -.2121290
1 0 B 5.67000 -.1141327
2 0 A 2.25000 .7675674
2 0 B 1.61000 .2259674
2 1 A 2.23000 .2376059
2 1 B 1.57000 .1566075
VECTC)R(S) CONVERGED TO WITHIN . U 9 0 0 0 0 E - 0 6  
4SIGMA ORBITAL ENERGY 758296697565E+00
N L C EXPONENT COEFFICIENTS
1 0 A 7.66000 .1235515
1 0 B 5.67000 -.1458003
2 0 A 2.25000 -.6523448
2 0 B 1.61000 .5363281
2 1 A 2.23000 .6364220
2 1 B 1.57000 .0598350
VECTOR(S ) CONVERGED TO WITHIN .1190G00E-06
5SIGMA ORBITAL ENERGY «-.505169766665F+00 
N L C EXPONENT COEEFICIFNTS
1 0 A 7.66000 .0018135
1 0 B 5.67000 -.1360721
2 0 A 2.25000 .0409789
2 0 B 1.61000 .7615582
2 1 A 2.23000 -.4499425
2 1 B 1.57000 -.5620156
VECTOR(S) CONVERGED TO WITHIN .1190000E-06
2 PI ORBITAL ENERGY •-.610548793438E+00
N L C EXPONENT COEFFICIENTS
2 1 A 2.23000 .7710341
2 1 B 1.57000 .4615110
VECTOR(S) CONVERGED TO WITHIN . U 9 0 0 0 0 E - 0 6  
KINETIC ENERGY POTENTIAL ENERGY VIRIAL THEOREM
.111428 99578 8E +03 -. 223 75663 8118 E +03 -. 2008064745 9:4E + 01
HD
0
1
UJ
O
O
o
o
o
HD
0
1
UJ
o
o
o
o
O '
H
CO
o
+
LU
CJ
o
HD ro CO
or HD rH vT CO OD CO in CJ rH HD HD o HD <r CD HD in o O'
rH CO o vT o pa CJ rH r- o Is- HD CJ CO rH o 00 CO ro HD CO
CO sr rH >r rH ro rH in CO o co CO r- 03 CO 00 HD rH GO O'
ro o O' CJ rH HD CJ in CO o <r «J- >r GO rH r- m rH O' Is- in r-
o o hd O in <r >r HD vj- a c- CO CJ o ro HD O' in CD r- HD Is- in
+ rH O' O rH o o o O HD o O' O rH o O O HD rH O' O' CO HD m
UJ CO O' O o o o o 1 in o O' O o o O 1 in CJ O c- CJ rH -H
O' m • • « • • • UJ c- • • • • • • UJ o • • • • • •
in Is- 1 1 O co 1 1 1 O O' 1 1
CO rH o < o rH < o CO <
co CO CJ I— o rH h~ o rH 1—
CJ HD • UJ o o UJ o • UJ
o O' 1 CO O' 1 CO O' 1 CO
o CO •> rH •v rH •s
o o <t lH < rH ■<
o CJ X • X • X
o fm4 CJ CL CJ Q. rH a.
IS * o H o _J c O _j
h~ * • • + + <t + <i
* i UJ w X UJ VT X U'
ZD ■* ro M r~ r—< to
to * it Is- to o hd Is- rH CO CO X in to O' in CO O' o X f- to Is- in HD r- CO CJ
UJ * o rH l~ O' HD <r CO o O' J— in h* c- co CJ HD CJ O' h- CO 1- co o CC co O' o
oc * >- CO X o -r H o rH ro ►H >r X rH CO rH CO H? CJ t—• O' X n- ro O' in ro CO
* o CD CO UJ CO CJ CO O' ro HD 3E rH UJ o r- O' CO C r- 3 00 Uj CJ rH rH O' in IT,
U_ ■* X OC CJ ►H n> o in CO •H o nO CO in o CJ vj- *—4 o o o CO ro CJ
a * to UJ r- o O' o rH c O o O HD o o O' o *H o o O c_> rH rH Is- 00 00 >J"
■»- UJ X <r o O o o o h- CO •H c O' o o o o »- CO »r-l CJ |H Is- C) rH rH
H- * oc UJ <r U. • • • • • • rH UL • • • • • • CO LL • 0 • • • •
z> * X r- u. l 1 CD sT U. 1 I 1 o rO U_ 1 1 1 1
Q_ * I— —J o UJ UJ rH UJ UJ UJ
H *• < CJ a CD rH a CD rH O
ID -»• u. 1— • o OC • CJ OC • o
O o a 1 UJ 1 UJ 1
o* to i— B K o c o o o o > H H- o o o o o o > H 1— o o c o o
■* X o o o o o o X X o o o o o o X X o o o o o o
>- UJ o o o o o o a >- UJ o o o o o o a >- UJ o o o o o o
CD X HD r- m rH CO Is- o CD X HD Is- in rH CO r*- O X HD Is- in rH ro r-
ac a HD H) CJ sO CJ in OC a  hd n> CJ HD CJ m OC o HD HD CJ HD CJ in
UJ a . • • • • • • UJ Q_ • • • • • • UJ a. • • • • • •
X X r~ in CJ rH CJ rH to X X r- in Cl rH CJ •H to X X r- in CJ rH CJ rH
UJ UJ
oc
UJ UJ
oc
UJ UJ
o < CO < CO <t 03 O
H*
CJ < CO < CO <t CO a
*—
CJ < CD < as ■< CD
— I —J o o o o rH rH O -J _1o o o o rH rH o _J — I o O o O rH rH
< UJ <t UJ <
l— X rH rH CJ ci CJ CJ > 1— X rH rH CJ CJ CJ CJ > ►— X rH rH CJ CJ CJ CJ
03
OC
o
00
OC
a
on
of
a
*
<D
rH
&
d
E-i
TL
CD
<
r
CD
►H
cn 
co
r
CD
*H
CO
co
VE
C 
T
O
R
(S
) 
C
O
N
V
E
R
G
E
D
 
TO
 
WI
TH
IN
 
. 
1
1
9
0
0
0
0
E
-
0
6
 
.
1
1
9
0
0
0
0
E
-
0
6
o
o
LU
4
o vO ro rH J- ro C—
ro rH vO CO in O rO
uo co O 4 4 r- O'
CO r- CJ 00 rH ro m
>o co in 4 c- 4 O
o rH 4 in sO O CD
*H rH rH vO in 'O rH
O' * • • • • •
O' 1 1 1 1
r\J <
•O H*
• UJ
1 CO
%
<
X
O a.
o -J
+ <x
UJ w
c-
c- to ro O' CO CJ O' *H
c- X o 4 cj 4 CO CJ
4 2 XT cvi Is*-00 'O O
in UJ 4 c- rH ro CJ rH
4 ♦H rH 4 4 O' CJ rH
n o rH O' 4 ro CJ CJ
r- IH rH rH in CO ro CJ
O' U_ • • • • • •
o U. 1 1 1
rH UJ
oo a
•
• oI
H H- O o o O o o
2 O o o o o o
>- UJ o o o o o o
o 2 JO r- in rH ro c-
oc O o vO <M J3 CJ in
UJ a. • • • • • •
2 X c- in CJ rH CJ rH
UJ UJ
o < co < CO < CO
_1 _J o o o o rH rH
<
y~ 2 rH rH CJ CJ CJ CJ
IH
co
oc
a
•H
-p to
C  4
o  
o
XI
a
Eh
JD
0
1
UJ
o
o
o
o
o
•H
0
1
UJ
o
rH
O'
h-
c-
o  c-
0  m
1 co
uj 4
o O
O OO <t
o ro H-
o • UJ
O' CO
rH •I
rH <t
• X
O a.
o _j
H- <i
2 UJ
O'
X rH 1/0 CO in c- in CJ
f- o h- ro O' O' 4 CO
►H rH 2 in CJ CJ CJ vO
3 4 UJ r- o rH CO O'
CJ >h CO ro O' c- c-
O O' o in vl- c- r-« 4
P O' »H o COro ro %0
c- LL • • • • •
Q CO U~ 1 1
UJ o UJ
O in a
a: • o
UJ 1
> it p- o o o O o
2 2 o o o o o
O >- UJ o o o o o
o o 2  'O r- in rH ro
oc O -o J3 CJ o CJ
UJ 0u • • • • •
CO 2 X c~ in CJ rH CJSmf UJ UJ
OC
o t_> < CO < CO <
b-
o _J L 0 O o o rH
UJ <
> 2 rH rH CJ CJ <\J
IH
co
oc
o
<
r
o
•H
to
IT*
•O
0
1
UJ
o
o
o
o
O'
rH
O
O
+
Ul
in
oo c- 4-
O' o CJ
CO NO CO
rH O' CJ
«o vO 4“O
O CO rH CJ
1 in 00 4
UJ in • •
o rH
o rH
o m H
o • UJ
O' 1 CO
rH %
rH
• X
o a.
o ~j
+ <x
2 LU
»H O'
00 X o to oo sO
ro I- CJ 1— vO vr
o ►H o 2 O' O'
13 CJ UJ 4- o
«H r- IH ro o
O Cl o t_> in CJ
JD 1- o IH vD vC
• in U. • •
O 4 u.
UJ 00 UJ
o in a
oc • o
Ul 1
O > « H o o
o 2 2 O  O
o O V uj o  O
r*- o e> 2 ro c-in oc O CJ in
• A UJ a. • •
rH to 2 X CJ rH
UJ UJ
a;
CO O o < CO
p-
iH o — J _) rH rH
UJ <
CJ > J— 2 CJ CJ
►—«
CO
oc
o
IH
o .
-o o
0  o
1 I
UJ UJ
o  o
o  o
o o
o  o
O' O'
o
o
+
UJ
I—I
rH
in »H
o o
r— 2 +
vO rH v£> UJ UJ
o v£) O oc JO
1 >o 1 a 41
UJ ro UJ UJ CD
o CJ •». o X 4
o oo < o h- CJ
o CJ h- o 4
o • U) o —J C-
o CO O' < co
rH •> rH IH 4
rH < rH at O
• X • W c
rH a . > CJ
o _J •
1 1
2 UJ 2
IH H |H
X o ixj 4 CJ X
f- in »- n - 4) h- ro
IH ro 2 c- CO M O
3 4 UJ n »—t 3 V 4-
O ro o o U l
O CJ t_) O ' CJ O a: rH
1 - 4 IH C - CD b- UJ in
CO UL • • 2 O
Q 00 U_ 1 O UJ XT
UJ c- UJ UJ O
O tn a o _l rH
OC • o O' *<< ao
UJ I UJ IH rH
> it 1— o o > h- in
2 2 o o 2 2 ro
O >- UJ o o O UJ CJ
<_> O  2 ro c- o H- CJ
oc  a CJ in a •
UJ a. • • «•*» o. 1
c^> 2 X CJ rH to
UJ UJ
a: oc:
a o <t CO a CO
»— b- o
<_) _J rH rH o +
UJ < UJ UJ
> »— 2 CJ CJ > >- CJ
IH o o
CD oc O
n : UJ sO
a 2 4
UJ CO
r-
IH t_> CD
Q_ IH 4
b- rH
UU rH
CO 2 rH
3 8 2
Ni ; this basis set is optimized for the configuration F(3d 4s ) 
with a total energy of -1506.7517. Using this basis set for the confi­
guration '^F(3d^4s°) gives a total energy of -1505.9293, Table X ,
916
whereas the older basis set of Clementi' optimized for this confi­
guration gives a total energy -1506.0286. Thus, the basis set chosen 
for Ni is of satisfactory quality for preliminary calculations; 
furthermore, it has the advantage of using smaller exponents than the 
older set and a corresponding economy in the use of integration points 
and summation terms in the computation of the integrals. The full 
basis set, in the order used is given in Table XI where Ni is atom 
A and 0 atom B. An additional reason for choosing this basis set for 
Ni is that it includes 4s exponents which it is well known are of
importance in calculations on molecules of this type; similarly 4p
217
STO' s should be included
The determination of basis sets for the 0 ion is itself a
,i « . . .35,102-104,252,253 w , , , , . ,
problem of some interest > Watson s set, which was
obtained using a 'stabilization sphere', is used in work in solid 
254 255
state physics ' where it is considered that the surrounding ions
stabilize the charge. The internuclear distance used is that used by
256
Bagus and Wahlgren" in their recent calculation on the NiO cluster 
using Gaussian functions; this calculation confirmed the highly ionic
nature of the species. Concerning the gaseous molecule information
2?37 258
appears to be sparse ' though it has been found to be unstable
The close similarity in the chemical properties of iron and
nickel may be expected to be apparent in their oxides; a recent report
259
of calculations on FeO mentioned some difficulties experienced in 
obtaining converged solutions and the same problems were to be ex­
pected with NiO. Thus, in an attempt to discover a reasonable set of
* * W  * V * >P ¥ W  ¥ ¥ V ¥ V ¥ ¥ ¥
SCF THRESHOLD .000000238
TOTAL ENERGY = -. 15059292968E+04
IS ORBITAL ENERGY = -.3063385559396+03
N L EXPONENT COEFFICIENTS
1.000 G 2 9 . 0 3 6 2 0 .8041091
1. 000 C 20.35820 .214001?
2.000 0 14.50690 -.0308634
2 . 000 0 11 .04660 .0158129
3. 000 0 6.79629 -.0024420
3.000 0 3.87206 .0013331
4.000 0 2.07712 -.0003 143
4.000 0 1 . 1 3688 .0001237
VECTOR(S)...-CONVERGED TO WITHIN .1I9G000E-06
2 S ORBITAL ENERGY =•-.3861343511046+02
N L EXPONENT COEFFICIENTS
1 . 0 0 0 0 2 9.0 3 620 .0303933
1 . 0 0 0 0 2 0. 3582 0 .4331097
2.000 0 14.50690 -.1041573
2.000 0 11. 0 41> 6 0 -1.05 85 886
3. 000 0 5.79629 -.0204226
3.000 0 3.87206 .0058 350
4 .000 0 2.07712 -.0011655
4.000 0 1.13 6 8 8 .0004349
VECTOR(S) CONVERGED TO WITHIN
3S ORBITAL ENERGY «--.5581656522316+01
h L EXPGNE NT COEFFICIENTS
1 . 0 0 0 0 2 9.03620 .0121525
1 . 0 0 0 0 20.36620 .1608142
2.000 0 14.5 0690 .1007067
2.000 0 11.04660 -.6748711
3.000 0 5.79629 .7582237
3 .000 0 3.67206 .4119561
4.000 c 2.07712 -.002 33 98
4.000 c 1.13 8 8 8 .0007805
VECTOR(S) CONVERGED TO WITHIN
2 P ORBITAL ENERGY =--.3364276378496+02
N L EXPONENT COEFFICIENTS
2.000 1 18.27370 .1481884
2.000 1 10.94C80 .8621520
3.000 1 5.67113 .0214876
3.000 1 3.46098 -.0046677
VECTOR(S ) CONVERGED TO WITHIN
3 P ORBITAL ENERGY =--. 397970903984E + 01
H L EXPONENT COEFFICIENTS
2.000 1 18.27370 .0416612
2.000 1 10.94060 .3619135
3.000 1 6.67113 -.6786121
3.000 1 3.45098 -.4489903
VECTGR(S) CONVERGED TD WITHIN
3D ORBITAL ENERGY =--. 139793979418E+01
N L EXPONENT COEFFICIENTS
3.000 2 6.70651 .4250998
• 1190G0QE-06
• 1190000E-06
.11900006-06
3.000 2 2.87381 .7032138
VEC TOR < S ) CONVERGED TO WITHIN .119000GE-06 
KINETIC ENERGY POTENTIAL ENERGY VIRIAL THEOREM
.150560407057E+04 -.301173336742E+04 - .20000831 6240E + 01
TTftbl’e X I
OUTPUT OF DATA PROGRAM INTGLS 
INTERNUCLEAR DISTANCE « 3.93800 (AU)
INTEGRATION POINTS » 40 
NUMBERS OF TERMS * 40 (20)
BASIS FUNCTIONS
c NI LI Ml ZETA1
AJ 1 0 0 29.03620
A 1 0 0 20.35820
A 2 1 0 18.27370
A 2 0 0 14.50890
A 2 0 0 11.04660
A 2 1 0 10.94080
B 1 0 0 7.70000
A 3 2 0 6.70551
A 3 0 0 5.79629
A 3 1 0 5.67113
A 3 0 0 3.87206
A 3 1 0 3.45098
B 2 1 0 3.14200
A 3 2 0 2.87381
B 2 0 0 2.80300
A 4 0 0 2.07712
B 2 0 0 1.77600
B 2 0 0 1.49000
B 2 1 0 1.38400
A 4 0 0 1.13888
B 2 1 0 .71400
A 2 1 1 18.27370
A 2 I 1 10.94080
A 3 1 6.70551
A 3 I 1 5.67113
A 3 3.45098
B 2 1 1 3.41200
A 3 1 2.87381
& 2 1 1 1.38400
B 2 1 1 .71400
A 3 2 2 6.70551
A 3 2 2 2.87381
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starting vectors the molecule was treated as a closed-shell species.Further,
256
since NiO is a highly ionic molecule * the starting vectors used for the 
atomic Ni calculations,Table X,were employed.Although it might be expected 
that convergence would be easier to obtain under these conditions,in the cal­
culations performed to date,after an initial decrease in the total energy,
Table X II,oscillations set in before ten iterations had been performed,Table
259
XIII.These oscillations appear to be initiated by a reversal of the expected 
order of the principally Ni 3d and 0 2s and 2p MOs;further,this re-ordering 
occurs whatever the order in which the corresponding starting vectors are gi­
ven. In attempting these calculations the Jacobi routine was used and any at­
tempt to project vectors from successive iterations led to more violent oscil­
lations.Use cf the 'damping or 'scaling1 technique also' did not alleviate the con­
dition, even when only 15$ of the correction vector was taken for the subse­
quent iteration.Thus,of the methods available for enhancing or enforcing con­
vergence, the Hillier-Saunders technique would be useful;this has not yet been 
coded and,for open-shells, is quite complicated.
The poor results obtained nevertheless indicate that the program works 
effectively since orbitals degenerate in the atomic species but split by the 
introduction of molecular symmetry have eigenvalues and eigenfunctions which 
are similar and are close to those of the atomic species.Correspondingly,trea­
ting the molecule as a closed-shell problem is seen to a poor approximation and
probably not helpful,producing a 3d<5 orbital lying in the continuum.The results
3 1 1 + 2
of the calculations on the °z +r ,and £  states of the 3d<5 configuration
i »
were not available at the time of writing but would be expected to produce an 
eigenvalue for the 3d<§ orbital more in line with that expected,
A further hindrance to convergence is provided by the internuclear dis­
tance used;the value is appropriate to the solid rather than gaseous state,and 
an increase in this value by .1 bohr leads to worse oscillations than those il­
lustrated. It should be noted that in Tables XII and XIII the total energies 
given do not include the internuclear repulsion energy.Qualitatively,the indi­
cations are therefore that the program is in order for calculations on both
large and small molecules and that the oscillatory behaviour found for NiO 
will persist;
nevertheless, any more definite conclusions must await further calcu­
lations.
Suggestions for Future Work
The program described in the previous chapters was developed 
essentially on a Telefunken TR 440 machine and subsequently (March 
1977) converted to a CDC Cyber 175 computer. A listing of the program 
is given in a separate volume and on 105mm microfiche in this volume 
for ease of reading; unfortunately, the program is still markedly 
influenced by the, in contrast to the Cyber, very much inferior 
facilities for the development of larger programs on the TR 440. On 
this computer it was necessary to keep the program in 4 parts, charge 
distribution, one-electron integral, supermatrix construction and 
SCF programs. In the listings given the programs have been unified 
into a single program, however the SCF program is not yet fully com­
patible with the rest of the program. Nevertheless, it is apparent
that the program closely follows other well-known computational
182
schemes, for example, those of McLean and Yoshiraine , of Wahl et
183 186-199
al. , and of Ruedenberg's school the logic of computational
procedures with the emphasis on programs using Gaussian functions has
152
been given by Veillard . However, in its present form, the program 
does not offer the same range of computational capabilities as the 
programs of others, it is the skeleton of a program system.
From the computational point of view a number of features of 
the program are uncomfortable;, it would be convenient to have an 
'official* entry point for a molecular calculation through the ATOMWAY 
routine. This is not allowed in the listing, but all that is necessary 
is to avoid calling the atomic integral routine CALC. If this is done 
and this entry point used the molecular basis set is undefined at the 
print-out of results stage unless the card ITERATE lid is removed in
which case the principal quantum numbers must be read in as real 
numbers and a GO TO 420 card inserted after ITERATE 128. Also, there 
is in the program no way to calculate one-electron integrals without 
first calculating charge distributions. This deficiency should be re­
moved to allow the calculation of molecular properties on completion 
of an SCP run. Subroutine KSLTS should also be reorganized; as will 
be noticed in the print-outs of the molecular calculations the enu­
meration of eigenvectors other than sigma follows the atomic scheme 
and with subroutine IREAJ) has, with full computer directed code opti­
mization, dead code areas.
More substantial changes in the organization of the program 
are however required for its future use. It would be desirable to 
have the possibility of iterating through the whole program to per­
form, for example, exponent optimization calculations. The principal 
hindrances to this at present are the need for repeated reading of 
data in the SCF program, the need to reconstruct the complete super­
matrix at each exponent change, and the lack of a satisfactory routine 
for determining optimum exponents. The first two problems are relatively 
trivial; the 3072 empty storage locations in the one-electron integral 
storage area are reserved for the SCF data which would be more con­
veniently read before these integrals are calculated. The final set 
of vectors for a given basis set could also be stored in this area; 
care however must be taken not to rewind this file before new super­
matrix is written on since, on the Cyber, if a file is written and 
then rewound an end-of-file is automatically written as well. A small 
subroutine to align the supermatrix file would then allow only those 
blocks of the supermatrix to be reconstructed which are affected by 
a changed exponent if more flexibility is allowed to the M2l(|i) symmetry 
counter throughout the program. With the high quality basis sets 
available optimization of valence and added 'polarization' basis
function exponents is probably all that is necessary for many purposes.
However, in introducing an optimization procedure into the program
154
it would be better to employ a more m o d e m  technique than the
69
simple ’brute force' method
At present the program only stores the supermatrices produced
by subprogram SMAT whereas an extension of the program to allow Cl
218-225,243
calculations would in general require lists of individual integrals 
Also, since in open-shell calculations the 3* supermatrix is unaltered 
it would be advantageous to produce the supermatrices needed for 
calculations on several configurations as required without simultaneously 
producing a supermatrix. An acceptable scheme for meeting these re­
quirements is probably offered by producing the ^  a n d1C supermatrices 
as for spin-polarized calculations. Integral lists are then available 
and a small routine could be written to put this information in a 
form suitable for subroutine AUFBAU to produce the necessary super­
matrices in the form required by the SCF program. Extension of the 
program to include the possibility of Cl and MC-SCF calculations is 
a required step to allow full exploitation of the accuracy potentially 
available with STO's. Highly accurate calculations with extended
basis sets on small molecules are becoming of increasing importance
168
in the understanding of molecular processes and the determination
246 247
of molecular properties and potential energy surfaces - .
In producing the integrals in subprogram SMAT the restriction 
is imposed that all charge distributions be present in fast memory; 
this restriction could however be relatively easily avoided by using 
a subroutine such as FMUEAN. In such a scheme only a number of the 
terms of each charge distribution would be read into fast memory and 
hence a number of reads would be necessary at each integration point.
This would lead to a quite considerable increase in input/output 
times; using subroutine FMUEAN on the small test calculations given 
in Tables VII- VIII lengthens computation times by about one second. 
Nevertheless, on a computer such as the Cyber 175, which is parti­
cularly good in the number of peripherals available, the method is 
feasible and a large increase in the number of charge distributions 
that could be handled is possible. Also, this program is very un­
sophisticated in its input and output of data so that an effort in 
this direction, for example use of buffered in- and out-put, would 
imply running times somewhat less than a simple extension of the 
times the test calculations required, about 7 seconds for CO and less 
than 5 minutes for NiO.
The program offers no possibility of producing efficient
calculations on homonuclear diatomic molecules; such calculations
may be inefficiently performed by operating on the F matrices with
the appropriate symmetry matrices in the subroutines VECTOR before
obtaining approximate eigenvectors and then reversing the operation
after they have been found. A connected inefficiency present in the
program is that, in the Jacobi diagonalization routine, Lowdin ortho-
gonalization is performed at every iteration. Calculations on homo-
nuclear molecules performed in such a manner require much unnecessary
calculation of charge distributions and duplicated integrals. With
the unified treatment of the charge distributions used in this program
230
however, the charge distribution manipulation method of Wahl is 
an attractive technique for producing efficient calculations.
There are however only a limited number of homonuclear mole­
cules, and a charge distribution manipulation procedure would pro­
bably be best incorporated in a scheme for extending the program to
larger molecular systems. Imposing the restriction that such an 
extension be to molecules of high spatial symmetry limits the neces­
sary charge distributions to a number that could be economically 
accommodated by a subroutine such as FMUEAN. Transition metal clusters 
would appear to be an accessible range of molecules, diatomic ligands 
probably representing the limit to which the approach used here for 
the calculation of charge distributions could be pressed with con- 
templatable computation times. A reflection of the symmetry of such 
molecules is present in the number of terms and integration points 
required to produce accurate integrals. Thus, the number of terras 
and points required for an accurate Coulomb integral between transition- 
metal and first-row atom ligand AO's are just those required for the 
same integral between ligand AO's on, in 0^ symmetry,'opposite sides' of
the metal atom. As for the three- and four-centre integrals, the three-
192 244
centre nuclear attraction integrals are a solved problem * * whereas
with the two-electron integrals the problem is essentially one of 
rotation and translation of the charge distributions; an early approach
201 945
using a similar method is that of Harris and Michels *“ „ Programs
which could be adapted to perform such a function are available, for 
249
example the BEV5 program. Probably the best way to approach such an 
enlarging of the program would be to produce the necessary coding for 
linear triatomic molecules, allow for 'bent' triatomics, then extend 
to atomic ligands making the approximation of no ligand-1igand inter­
action. The inclusion of ligand-ligand interaction then represents 
the giant step, both in terms of labour and complexity. With the com­
puting facilities now available it is worthwhile conjecturing such 
extensions and improvements to the program. Although calculations on 
such molecules are performed on an almost routine basis with Gaussian
functions this appears not to he the case with STO's ' and it 
would be valuable to be able to employ the more satisfactory behavi 
of STO's on larger systems.
Much work remains to be done and some that could be done 
has been suggested in this chapter, but, as 'Clio' said^^ ' OOTIC;
xola e'xei ev ^5ovt) e'xei ev ^5ovt[ iota '.
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ERRATA
In the program as given on microfiche and in the listing 
the following changes should be made:
♦DELETE ITER ATE.453 
♦INSERT ITERATE•452
CALL R(NNN*IMAX*LIMHI*MIN*MAX*S*QPD*CC*CCONST*FQ*ICC)
♦DELETE ITERATE.456 
♦BEFORE ITERATE.457
CALL R(NNN*IMAX*LIMHI*L*L*S*QPD*CO*CCUNST*FC*ICC)
♦DELETE ITERATE.622 
♦INSERT ITERATE.621 r
SUBROUTINE R (NNN*I MAX,LIMHI*MINC*MAXC* S*QMAT*C*CCONST*FR*ICC 
♦DELETE ITERATE.625 
♦ INSERT ITERATE.624
1C<36*36*3)* S (1024)*Q P D (1024)*CC< 36* 36)
♦DELETE ITERATE.628 
♦INSERT ITERATE.627 
DO 20 I *1*IMAX 
♦INSERT ITERATE.632
D O ,50 J Bl* LI MHI 
50 CC(J*I)BC(J*I*ICC)
CALL C O L U M N (NNN*LIMHI*QIL*QPD*CC*I)
CALL COLUMN(NNN*LIMHI*SIL*S*CC*I )
♦DELETE ITERATE.633*ITERATE.634 
♦INSERT JDIAG.18 
IAD»0 
♦INSERT JDIAG.29
IF(ISPHF.EQ.l) IAD»ISHELC(L)
♦DELETE JDIAG.50 
♦INSERT JDIAG.49
ENERGY(KK + IAD*L*IPL)=SF(I-MINC + IAD + 1 )
♦DELETE JDIAG.52 
♦INSERT JDIAG.51 
20 C(J*I)c F(I-MINC+IAD+l*J)
♦DELETE MATPATH.108   _ _____
The above were found necessary for calculations an systems with two 
open shells; the last deletion appears in some volumes as line MATPATH 
card 83. The command ^INSERT inserts the following line(s) after the 
card named and numbered; the command *BEFORE inserts the following 
line before the card named and numbered.
Cards ITERATE 442 and ITERATE 443 should be deleted and the following 
inserted:
it-U.L j.3) GOTO 2 0 2 
DO 2ol i=l*TMAX
201 FC(I)= 0PD( I, IS"HF ) fFC( I )
202 DO 210 i B 1 * T M A X
Line ITERATE.451 should he:
IF(K.NE.3) GO TO 100 
and card ITERATE.454 should be deleted.
Card MATPATH.155 should read
50 inim(mm,l)=(ii-j)*mor(i)+(nii-ii+j)*mor(2)-lsmi(l)*nii
in one volume this is card MATPATH.211 .
-160-
DELETE MA.TPATHo.605 
INSERT MATPATH*610
s (i i i )=p i (j j j )
DO 120 L=1,MTIMES
LLL=LLL+1 
120 S(lTl)=S(m)+XX*P(LLL)
DELETE MATPATH.611,MATPATH.612
DELETE MATPATH.626
INSERT MATPATH.631
S(III)=P1(JJJ)
DO 170 L=1,MTIMES
LLL=LLL+1
170 s(iii)=s(iii)+xx#p(lll)
DELETE MATPATH.632,MATPATH.6 3 3
In one volume these corrections must he replaced by :
***** ♦DELETE MATPATH.717
***** ♦INSERT MATPATH.723
S(1I1)*P1(JJJ)
DO 120 L “ 1, M TIMES 
LLL=LLL+1 
120 S(III)*S(III)+XX*P(LLL)
***** ♦DELETE MATPATH.724,MATPATH.725
***** ♦DELETE MATPATH.739
***** ♦INSERT MATPATH.745
S(III)=P1(JJJ)
DO 170 LB1,MTIMES 
LLL«LLL+1 
170 S(I1I)=S(1I1)+XX*P(LLL)
***** ♦DELETE MATPATH.746,MATPATH.747
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Program Format and Loading
The programs presented were developed on a Telefunken TB, 440 
computer and have since been transferred to a Control Data Corporation 
(CDC) Cyber 175 computer. In the language adopted by the latter manu­
facturers, the listing given is an UPDATE formatted program library.
A brief description is given of the UPDATE system utility and the
method of loading the programs prior to a run; more details must be
1 2obtained from the relevant manuals * .
Large programs are generally computer specific,, efficiency 
and the possibility of performing calculations on the boundary of 
technical feasibility being obtained by taking account of the con­
structional and functional features of the machine to be used. A 
modest amount of attention has been paid to such considerations in 
the writing of the programs given here. As with most programs, the 
majority of the statements are performed only a few times and the 
poor coding of any one, but not of all, is insignificant. Other state­
ments, however, may be performed a considerable number of times and 
the coding has a noticeable effect on the efficiency of the program.
It is hoped that the programs given are not especially machine depen­
dent. The system utilities used, UPDATE and SEGLOAD, are machine de­
pendent, but similar library generation and overlay-type loading fea­
tures should be available on other modern computers.
The UPDATE system utility assigns to each card in a program 
library an identifying name and number; the user may choose the name 
and all cards with the same name are referred to as a DECK. Each card 
within a program library may therefore be referrenced by quoting the 
deck name and the card number. Specified commands allow the user to 
add or remove decks from the program library; an important feature of 
the former option is the ability to add correction decks which may or
may not delete specified cards already in the library and may insert 
cards within library decks. A record is kept by the system of the
history of all cards in the program library. Thus deleted cards are
not lost but may be re-inserted in their original location by rever­
sing the effect of the correction decks. For example, a correction 
deck may consist of all cards in all subroutines dimensioning a common 
area as largo as possible, with the common area being dimensioned as 
small as possible by the original library cards. Then, a large or a 
small program is available to the user depending on whether the correc­
tion deck is in the program or has been deleted.
Using the UPDATE program the user may select from the library 
only those decks for compilation which are required by a program. The 
names of the decks given in this listing to be compiled to produce 
various programs are given below.
Atomic SCF program using Jacobi diagonalization:
COMPILE ATOMWAY, ITERATE, GIBSWAS,RHFINTS,JDIAG (l)
Atomic SCF program using Roothaan-Bagus diagonalization:
Replace JDIAG in the above COMPILE statement by RDIAG.
A program to produce permanent files of the a ^  constants, Wigner co­
efficients and the qn (z) function interpolation table defined previously: 
Delete card C0NCALC.2 and insert
PROGRAM AC CALC (INPUT, OUTPUT, ABTAB, AATAB, VCCTAB, ADRES, QN2TAB, TAPE5-INPUT,
TAPE6-OUTPUT, TAPE14-ABTAB, TAPE15-AATAB, TAPE 18-VCCTAB, TAPE 19-ADRES, 
TAPE31=QNZTAB)
Delete the RETURNr statement and insert STOP
COMPILE CONCALC, E INTAB, FUNCALC, WIGNER, ORBTYPS, DEGENS (2 )
A program to produce supermatrices from existing charge-distribution
and one-electron integral files, followed by an SCF calculation using 
Jacobi diagonalization:
Delete card MATPATH,2 and insert
PROGRAM SMAT(INPUT’,OUTPUT,MQN1 ,MQN2,MQN3,MM10,MM20,MM21,MATRX,TAPE5- 
INPUT, TAPE6 “OUTPUT,. TAPE1-MQN1, TAPE2-MQN2, TAPE3-MQN3, TAPE10-MM10, TAPE20- 
MM20, TAPE21-MM21, TAPE11-MATRX, TAPE12, TAPE13, TAPE16, TAPE17, TAPE18)
Delete the entry point and return statements, replacing the latter 
with the two statements CALL CFNTRL and STOP
COMPILE MATPATH, DEGENS, SCFPATH, ITERATE, GIBSWAS, JDIAG ( 3 )
A program to produce charge distributions and one-electron integrals 
when constant files are available is obtained by
COMPILE MOLPATH, ORBTYPS, DEGENS, FUNCALC, TOEINTS, ONEINTS (4)
A
A complete molecular SCF program using Jacobi diagonalization when no 
permanent files of constants are available is obtained by 
COMPILE MOLPATH, ORBTYPS, DEGENS, E IN TAB, CONCALC, WIGNER, FUNCALC,
( 5 )
TOEINTS, ONEINTS, SCFPATH,MATPATH, ITERATE, GIBSWAS, JDIAG
To save compilation time, a permanent copy of this last compiled 
program may be saved; in this case an additional control over the sub­
routines called is provided by the program data.
The COMPILE statement above (5) produces a large program which 
cannot be loaded as such by the computer, segmented load has to' be 
used. On the CYBER 175 this form of load is more elaborate and more 
flexible than an overlay load. The loader reads directive statements 
which control the core image generation. The loader directives and 
the tree diagram are given on the following page. The first directive 
defines the segment INTGLS as a root segment; this segment is always 
resident in memory and none of the other trees occurring below the
LOAD MAP - SEGMENTED LOAD. CYBER LOADER 1
SEGLOAD DIRECTIVES.
TREE
LEVEL
INTGLS
TREE ACCALC-(EEC#VCCALC)
TREE CONTRL-(FMUEAN#CALC#CALC 1)
CALC INCLUDE NORMS# BN# CHDIST
CALC 1 INCLUDE ONEE# BAORAB#SPLIT# V# VCC# ABSQ
TREE SMAT
SMAT INCLUDE V#C#VCC#TWOE#DROPIT#TITLE#PRINT
TREE CFNTRL
CFNTRL INCLUDE IREAD#RHFSCF#SOLNS#RSLTS
GLOBAL INREAD#STOREl»STORE2#STORES#ST0RE6
GLOBAL
END
STORE# ST0RE4
TREE DIAGRAM. 
♦INTGLS
*ACCALC
?
?_£EC
?
?_VCC ALC
♦CONTRL
?_FMUEAN
•
?_C ALC 
?
?_CALC1 
♦ SMAT 
♦CFNTRL
LEVEL statement can overwrite it. Execution of the instruction re­
ferring to the entry point name ACCALC which at that point is not 
loaded results in this segment being loaded. None of the other trees 
defined to spring from the same level as ACCALC may co-exist with 
this segment, but when called they overwrite this segment. Similarly, 
referring to the tree diagram, the branches of trees ACCALC and CONTRL 
may not co-exist in memory; thus the call to VCCALC in ACCALC over­
writes the area occupied by EEC. However, ACCALC and EEC or ACCALC 
and VCCALC may co-exist and any further storage area required by EEC 
or VCCALC are defined in addition to the store required by ACCALC.
Thus, as with the similar concept used in coding analysis, low trees 
are more efficient, in this case as users of space, than are high trees.
During a segmented load the loader recognizes entry point names 
and associates copies of the corresponding module with segments as 
required. If copies of these modules are required by several trees, 
the loader associates a copy with the nearest common ancestor. Since 
the segment INTGLS is accessible to all trees defined in the given 
directives and since none of the other trees may co-exist with each 
other, the nearest common ancestor in the above arrangement is INTGLS. 
This would lead to a copy of subroutines V and VCC being associated 
with INTGLS and to an unwanted increase.in the storage area asso­
ciated with INTGLS together with a corresponding reduction in the load 
area available to the trees below the LEVEL, To avoid such occurrences 
the directive statements employ the INCLUDE command which forces the 
loader to include copies of named modules with named segments.
Finally, when a segment is unloaded its labelled common blocks 
are also overwritten and the contents lost. The GLOBAL statement makes 
labelled common areas addressable by segments which may co-exist with
the common area. In the example given this means store for such 
common areas is associated with the root segment and all other seg­
ments which need to may use this area; an alternative arrangement 
could however mean that the contents of this area would be lost if 
an incoming segment could not co-exist with these common areas. In 
this case, if it is desired to keep a copy of the contents of the 
common areas, that the contents are present when these areas are 
loaded with another segment, the directive SAVE is used.
REFERENCES
1) 'Update Reference Manual' Publication No.60449900, Control Data 
Corporation, Technical Publications Dept., 215 Moffett Park Drive, 
Sunnyvale, Calif.94086,USA (1975)
2) 'Loader Version 1 Refernce Manual', Publication No.60429800, Control 
Data Corporation, Sunnyvale, Calif.94086, USA (1976)
Program Data Formats
PROGRAM RMOSCF
Function : To produce Restricted or Spin-polarized SCF-HF wave- 
functions of atoms or molecules using the Jacobi or 
Roothaan-Bagus diagonalization procedures.
Data : TITLE; F0RMAT(7A10); one card.
Job title a maximum of 70 characters length.
NDIAG; FORMAT(12) ;, one card.
Maximum number of diagonalizations to be performed in 
one iteration for a vector. This parameter applies only 
to Roothaan-Bagus method.
DGARTH; FORMAT(FI2.9);, one card.
The calculation is broken off if a vector cannot be found 
to have converged to within less than this value.
JPROJ; F0RMAT(I2); one card.
A more rapid convergence is attempted by projection of 
the vectors from three successive iterations after the 
JPROJ iteration.
NITER; FORMAT(12); one card.
The maximum number of iterations to be performed .
ISPHF; FORMAT(12); one card.
ISPHF=1 for a conventional H-F calculation, or two for 
a spin-polarized calculation.
ORTHOG; FORMAT(F4.l); one card.
For ORTHOG greater than unity the starting vectors are 
Schmidt orthogonalized; they are merely normalized if 
ORTHOG is unity.
Z,ZB; FORMAT(2F9.5); one card.
For atoms Z is the nuclear charge and ZB must be read as 
zero; for molecules Z and ZB are the charges on centres 
A and B respectively.
ISHELC(l); F0HMAT(4I2); one card.
ISHELC(l) is the number of closed shells of symmetry 
species I.
NOCCC(l); FORMAT(3612); one card.
For Restricted H-F calculations NOCCC(l) is the occupation 
number of closed-shells of symmetry species I; for spin- 
polarized calculations NOCCC(l) is the occupation number 
of the 1 ^  up falpha) spin vector.
ISHELO(l); F0RMAT(36I2); one card.
For Restricted H-F calculations ISHELO(l) is the occupation 
number of the open-shell of symmetry species I; for spin- 
polarized calculations ISHELO(l) is the occupation number, 
including zero, of the I down (beta) spin vector.
IBASIS(l); FORMAT(412); one card.
IBASIS(l) is the number of basis functions associated with 
symmetry species I.
LSHELO(l); FORMAT(412); one card.
For Restricted H-F calculations LSHELO(l) is unity if there 
is an open-shell of symmetry species I;, for spin-polarized 
calculations LSHELO(l) is unity if the open-shell of symmetry 
species I contains only up spin electrons, and is two if 
both up and down spin electrons are present. If only closed- 
shells of symmetry species I are present LSHELO(l) is zero. 
IADRES,X; F0RMAT(2X,I3,2X,F12.9).
If ISHELO possesses any value other than zero, IADRES must 
be read in; if the calculation is not of the Restricted Ht-F
Results
open-shell type for an atom IADRES should be read as 999.
For an open-shell Restricted H-F calculation IADRES is the 
three-figure integer address of the configuration constant- 
X where the first two integers of IADRES are given by 
(Ll+l) and (L2+l) where LI and L2 are the open-shell orbital 
angular momentum quantum numbers. The third digit is one 
of the integers in the series |L1-L2|+1,...,L1+L2+1 . Thus, 
for an open p shell IADRES takes the values 221,223. The 
read-in of constants is terminated by IADRES=999.
CC(j,I,l); FORMAT(20F4.1).
CC(j,I,l) holds the term of the 1 ^  closed-shell 
(Restricted H-F) or up spin (spin-polarized H-F) starting 
vector;.
CO(«J, I, l); FORMAT(20F4.1)
CO(j,I,l) holds the J term of the I open-shell (Restricted 
H-F) or down spin (spin-polarized ff-F) starting vector.
ANQ(l),Zl(l); FORMAT (2F8.5); IBASIS(j) cards for symmetry 
species J.
For atomic calculations only AJTQ(l) and Zl(l) hold the prin­
cipal quantum number and the orbital exponent respectively 
of the I**1 basis function.
AN'Q(l) is allowed to be non-integral. .
: The program lists the total energy, kinetic energy and 
potential energy of the system, orbital energy levels and 
vectors, and the virial theorem quotient.
PROGRAM INTGLS
Function
Data
: The program calculates all charge distributions necessary 
for the evaluation of one- and two-centre two-electron 
integrals.
: ABCALC; F0RMAT(A6); one card.
If ABCALC is read as ACCALC program ACCALC is called, 
otherwise the program assumes the constants generated by 
this program, by program EEC and by program VCCALC are 
available.
CDS; FORMAT(A6) ; one card.
If CDS is given as INTGLS the program requires the follow­
ing data for the calculation of charge distributions and 
one-electron integrals, otherwise the program reads SMATI, 
see below.
R,IP0INT,M0R(l),M0R(2);F0RMAT(F8.5r3I3); one card.
R is the internuclear distance in atomic units, IPOINT is 
the number of integration points to be used; MOR(l) and 
M0R(2) are the number of terms to be taken in the summation 
equation (147) in the main text for the AA and AB charge 
distributions respectively. MOR(l) is usually greater than 
M0R(2).
GL(l),W(l); FORMAT(2F13.10); IPOINT cards.
"fch
GL(l) and W(l) are, respectively the I integration point 
and weight.
Ml 1MIN1,Ml 1MAX; F0RMAT(2I2); one card.
NDRB(l); FORMAT(12); (MllMAX+l) cards.
NORB(l) is the number of basis functions associated with 
symmetry species I.
Results
—  A O  —
NATOM( J) LATOM(j) , Zl( J) , ISKIP( j) , ISYMA( J) ; FORMAT (212, 
F8.5,2I2); NORB(l) cards per symmetry species I. 
NAT0M(j),LAT0M(j) and Zl(j) contain respectively the prin­
cipal quantum number, the orbital angular momentum quantum
"fchnumber and the orbital exponent of the J basis function;
"fch
if charge distributions involving the J  basis function 
have already been calculated and the work is not to be re­
peated, ISKIP(j)=l , otherwise zero. ISYMA(j) is unity if 
function J  is on centre A, two if it is on centre B.
LLVCC; FORMAT(13) one card.
If a permanent file of Wigner coefficients is used this 
parameter, printed out when program VCCALC was run, must be 
given.
FMUQN2; FORMAT(A6); one card.
If FMUQNZ is read as FMUEAN! the subroutine of this name is 
called.
SMATTFORMAT (AG) ; one card.
SMATI read as SMAT, SMAT1 or SMAT2 directs the program to 
the corresponding entry points in subroutine SMAT; alterna­
tively, SMATI may be read as STOP, in which case the program 
does so.
SCFCLC; F0RMAT(A6); one card.
SCFCLC read as SCFGO leads to loading and running of the 
SCF program.
: The data is printed out. The charge distributions are 
written on to backing store as described in the main text 
using channels 1,2,3,10,20 and 21 with basis functions up 
to> 6 symmetry. The one-electron integrals are written on 
channel 1L.
Channels 1,2 and 3 are used for 00,TIH, and 66, respectively, 
each require approximately NORB(l) (Noillyl)+l)/2#M0RE*IP0INT*dj 
where d^=2 for UTC and 66, words of storage space written 
on channel 1 in records of length 8192 words, and on 
channels 2 and 3 in records of 4096 words. The charge 
distributions TtCf, 6cf, and 5TI use channels 10, 20 and 21 
respectively requiring approximately N0RB(l)#N0RB(j)*M0RE* 
IP0INT*d where d~2 for 6TE, words of storage space. The 
records for channels 10 and 20 are 8192 words long, for 
channel 21 they are 4096 words long.
SUBPROGRAM ACCALC
Function : The program calculates the constants aT equations ( 18 7  )
Lit
in volume 1.
Data : EECALC; F O R M A T ^ )  ; one card.
If EECALC is read as EEC the subprogram of that name is 
loaded.
CALCVC; FORMAT(A6); one card.
If CALCVC is read as VCCALC the subprogram of that name 
is loaded.
CALCAC; FORMAT(A6); one card.
If CALCAC is read as ACCALC the data required to calculate 
the a ^  constants is required.
Ml 1MINJ,Ml 1MAX; F0RMAT(2I2); one card.
M11MIN: and M11MAX are, respectively, the minimum and maxi­
mum ( 0 =0, TC =1, 6 =2(maximum)) values of the axial quantum 
number envisaged to occur.
ISYM(l),N0RB(l); F0RMAT(2I2); (MllMAX+l) cards.
NQRB(l) is the number of types of basis function (Os,ls,lp, 
etc.) occurring for symmetry species I. The limit is 5f8 . 
ISYM(l) is redundant.
NATOM(j) ,LAT0M(j) ; F0RMAT(2I3); ( X jNORB(i )) cards.
NATOM(j) and LATOM(j) hold, respectively, the principal 
and orbital angular momentum quantum numbers of atomic 
orbital J.
Results : The data is printed out. The constants for different centred 
AO*s reside on channel 14, those for same-centred AO's on 
channel 15. The 'search* matrix ALIM is on channel 19. 
Channels 14 and 15 each hold three records of 2048 words 
each;, channel 19 holds one record of length 961 words.
SUBPROGRAM EEC
Function
Data
Results
: The program calculates the interpolation table used in 
the evaluation of » 0.0 = z = 5 , equations ( 2lk
in volume 1.
: None.
: The interpolation table is written on to channel 31 as 
one record of length 3060 words.
SUBPROGRAM VCCALC
Function
References
Data
Results
The program calculates the Wigner 3-J coefficient product
: 7 T 7 T ,  I T  " * 2  •i 3 w ;ii  j 2
(2j3+l)! r **i+1)( ^2"** (0 0 0 )( m - m  0> uslng the
Racah formula with the phase convention of Condon and 
Shortley.
Messiah,A., ' Quantum Mechanics ', Vol II, Appendix C, Morth- 
Holland Pub.Co., Amsterdam, 1969
Condon,E.U., Shortley,G.H., 'The Theory of Atomic Spectra', 
Chapters 3 and 6, C.U.P., 1963
N1,N2,M0RE,M1MAX; FORMAT(413) ; one card.
Ml and N2 are the largest two principal quantum numbers, 
MORE is the largest number of terms in the summation (147), 
volume I, and M1MAX is twice the largest value of the axial 
quantum number occurring in the calculations envisaged.
X(K); FORMAT(26F2.0); one card.
X(K) contains the prime numbers up to 97.
X(I,K); FORMAT(26F2.0); 100 cards.
X(l,K) contains the factorials up to 99! . T h e  data for 
X(k ) and X(I,K) is given on the next three pages.
The results are held on channel 18, 10240 words of storage 
in one record.
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PROGRAM SMAT
Function
Data
The program calculates the <P and ( \ o r  'J and X  supermatrices 
from the charge distributions produced by program INTGLS.
When used as a separate program all of the following are 
required:
ZA,ZB; F0RMAT(2F9.5)j one card.
The parameters are as defined for* program INTGLS.
R, IPOINT,MOR(i ),MOR(2);FORMAT(F8.5,313) ;;one card.
The parameters are as defined for program INTGLS and must 
be the same.
M11MIN,M11MAX;F0RMAT(2I2) ; one card.
The parameters are as defined for program INTGLS.
NORB(l) ;F0HMAT(l2) ; (MllMAX+l) cards.
NORB<r) is as defined for program INTGLS.
NATOM(j),LATOM(j),Zl(j),ISKIP(j),ISYMA(j) ;FORMAT(212,F8.5,212) 
NORB(l) cards per symmetry species I.
The parameters are as defined for program INTGLS.
When the entry point SMATI is used the following are 
required:
I O PEN ;;FORMAT( 12 ) ; one card.
IOPEN is the number of sets of configuration constants to 
be read in; this is unity for closed-shell and spin-polarized 
calculations, greater than unity for open-shell calculations. 
M1L,M21;F0HMAT(2I2); one card 1
OPENC(l);F0RMAT(F12.9); 16 cards (Mll=M2l) ► IOPEN cards
1 card (M11/M21)
MIL and M21 give the symmetry species (0=sigjna,. l=pi, 2=*delta)
tn which the configuration constants, OPENC(l) refer; 
these cards must be given IOPEN times.
IPRNT;F0RMAT(I2); one card.
IPRNT1 is zero if no integrals are to be printed out (the 
normal case) and unity if integrals are to be printed. The 
latter option should only be used for small calculations; 
program failure results if it is attempted to list more 
than 8192 integrals.
ISPHF; FOHMAT'( 12 ) ; one card.
ISPHF is unity for conventional open- or closed-shell 
calculations, two for spin-polarized calculations.
When entry point SMAT2 is used no data is read.
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